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PHYSICAL REVIEW. 





THE PRINCIPLE OF PROJECTIVE COVARIANCE. 


By IsRAEL MAIZLISH. 


SYNOPSIS. 


The Principle of Projective Covariance.—The principle here presented asserts 
that the laws of physics are covariant with respect to the following transformation: 
xX- = G(o, r)x, ye = Glo, r)y, 2 = Glo, r)z, tt = Glo, r)t, where x, y, 2, t are the Min- 
kowski variables, r is the distance of a point in S, from the origin of a system of 
coérdinates, and ¢ is an arbitrary constant. 

It is shown that if V is a physical quantity depending only upon a single variable 
£, the relation between V and fis W = Ké/8, where V, = G2(c,r)V, & = G8(o, rE, 
and K =constant. Examples are given of the application of the principle. 

Comparison with the Principle of Similitude.—While there are similarities between 
the present work and Dr. Tolman’s, the Principle of Projective Covariance does not 
in any way depend on the Principle of Similitude. It is pointed out that the 
Principle of Similitude, however, may be regarded as a very special interpretation 
of the Principle here presented. Concepts like ‘“‘miniature universe’’ are shown 
to be extraneous, and, by taking a special form of the Principle of Projective Co- 
variance, it is shown that the latter may be so interpreted as to give us also an 
extended universe. 


1. While endeavoring to discover a simple method of solving certain 
problems in mathematical physics, especially the one relating to black- 
body radiation, it occurred to the writer that there might exist a trans- 
formation with respect to which the laws of physics were covariant. 
A subsequent investigation showed that, as far as it has been carried, 
this is the case. 

2. Considering a space of four dimensions (.S,) we will now make the 


following 
Postulate: The laws of physics are covariant with respect to the following 
transformation: 
x. = G(o, r)x, 
i = G(o, r)y, 
(C) 
z. = G(o, r)z, 
t. = G(o, r) t, 


I 
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where x, y, 2, and ¢ are the Minkowski variables, and G(e, r) is an arbi- 
trary! function of the distance, r, and an arbitrary constant? o. 

This Postulate, for the sake of brevity, will be called the Principle of 
Projective Covariance.® 


SOME TRANSFORMATION-EQUATIONS. 


3. We will now proceed to derive a number of equations connecting 
certain physical quantities with those obtained by the application of the 
Principle of Projective Covariance. 

4. Distance: Let P(x, y, 2, t) be a point in S, whose distance from the 
origin of a system of coérdinates is r. Then,‘ if P.(x-, Ve, Zc, te), and fe 
be the corresponding quantities when the transformation (C) is applied, 
it is readily seen that 

te = Go, r)r. (1) 

5. Velocity: To derive the transformation-equation for velocity we 

note that, by definition, the dimensions of velocity are 


[vo] = [L][7~). 
By the Principle of Projective Covariance, 


[v.] — [Z.][T.“]. 
But 
l, = G(o, r)l, 
and 
t. = G(o, r)t. 
Therefore, 
UV. = 0. 


6. Acceleration: The dimensions of acceleration are 
[a] = [L)[7~°). 


Since 


l, = G(o, r)l, 
and 
t, = G(o, r)t, 


1It is possible to give the function G(o, r) such a form as to make it zero, infinite, or in- 
determinate for a certain value of r. The transformation would then be meaningless. There 
is, however, no particular reason for imputing such a form to G(e, r) rather than one of a 
multiplicity of legitimate functions. 

2It is convenient to include o in the function G(o, r). We shall presently consider a 
special form of G(c, r) in order to manifest conspicuously the differences between the present 
work and Dr. Tomlan’s. 

3 The word projective is used here to mean non-metrical. The title is suggested by the 
special form of G(c, r) considered in paragraph 29. There, it may be added, the word has 
its usual significance. 

4 The subscript - will be used to signify that the quantity in question has been obtained 
by the application of the Principle of Projective Covariance. 


-: 

















. 
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it is seen that! 


a. = G"'(a, r)a. (3) 


7. Force: Universal or proportionality constants will obviously be 
unaffected by the Principle of Projective Covariance. Further, we may 
regard the number of Faraday tubes having their ends on a body as a 
measure of the charge on that body. The unit of electricity is, accord- 
ingly, the Faraday tube. Let us now consider a conductor C. The 
number of Faraday tubes having their ends on C is equal to the charge,,. 
g, on C. The only way in which our transformation-equations can 
affect the number of these tubes is to alter their ‘“‘density’’ upon C,. 
either by a uniform compression or expansion, or, in general, by a dis- 
tortion of C. But the total number of Faraday tubes will remain un- 
altered.2, The charge, g, will therefore be the same as it was originally. 
It is thus evident that g is invariant under the above transformation; 
that is, 

qe = q. (4) 
Now, Coulomb’s Law asserts that the force between two electric charges,, 
g and q’, is directly proportional to their product, and inversely to the 
square of the distance between them; that is, 





F «22 (a) 
7p 
By the Principle of Projective Covariance we also have 
a , 
F, « && (b) 


Tc 
Divide (6) by (a). The result is: 


F, = [ " “|- 
QQ fe" 
or, by virtue of (1) and (4), 
F, = G~*(o, r)F. (5) 
8. Mass: In general, however, we have 


| EF = ms" = (mass) (acceleration) ; 
1.€., 
F = ma. (f) 


By the Principle of Projective Covariance, 
F, = md. 


1G"(¢, r) or simply G* will be written for [G(¢, r)]". 
2 The consideration that the Faraday tubes may be modified by different “‘ethers’’ is 
trivial, as, in this paper, we are not concerned with model universes. 





SECOND 
4 ISRAEL MAIZLISH. SERIES, 


In consideration of (5) and (3) this equation may be written 
G~*(o, r)F = m.G-‘(a, r)a. 
Substituting ma for F, this reduces to 


G~*(c, r)ma = m.a-G-‘(a, r). 
Hence, 
m, = G-(o, r)m. (6) 


Temperature: To derive the transformation-equation for absolute 
temperature, we may proceed as follows: 
g. According to the Boltzmann-Planck entropy-law, we may write 


We 
AS = K log Ww,’ 
where AS is the increase in entropy resulting from the passage of a body 
from state I to state 2. The ratio W2/W, is easily seen to be a pure 
number, and does not contain ¢.. For, assuming with Gibbs’ that 
V-e 
H ’ 





log W = 


a simple substitution shows that the dimension of W2/W, is zero, and 
that o does not appear in this ratio. Hence, on applying the transforma- 
tion (C), we obtain 

AS, = AS. 


. d 1 
ss = f2anas = (2, 
Hence, it follows tgat 


But now, 


dQ _ 4. 
- we 
10. In this equation dQ has the dimensions of energy. If we let 
E = mv*/2, and E, = m.v2/2, it is readily seen that, in consideration of 
(2) and (6), 


E. = G"(o, r)E. (7) 
The equation 
dQ_ dQ. 
—_ 


now becomes 
dQ _G~(o, r)-dQ 
- Ne ‘ 
Hence, 
T. = G-\(o, r)T. (8) 


7 Gibbs, Statistical Mechanics. 
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11. The same result may be arrived at by a somewhat different pro- 
cedure. Thus, according to Stefan’s Law, 


gy = energy density = energy/volume, 
= kT‘, 
where k is a constant. By the Principle of Projective Covariance, and 
equations (1) and (7), it is seen that 
— ef 
~ Gi(e,r) Ga, r)° 





Gc = kT 


Therefore, 
T, = G(o, r)T (8) 
as above. 


TABLE OF TRANSFORMATIONS. 


12. For the sake of future reference it will be convenient to tabulate 
the results already obtained. 


Name of Quantity. Transformation-Equation. 
NE ad oat ail nich es a wide ah lo er lls a ae lL =G(e, rl. 
MR Gi Aa) cd Ebina @ etiam  d O a e Saie te = G6, rt. 
IED ere RE ee eRe Reese Nah Se eee re eer er eee Poe Par % =%. 
i se os ari ag ae We ae dina tale pte ae iouga eet a@ = Ge, r)a. 
ate eh ah a Ele ne a oe ee ae m. = G\(o, r)m. 
aa haath -te oh GF Waste HR nae ow kl aoe oa LRG ate ov ete F. = Ge, r)F. 
i ced ae Shak a i ee eae P, = G-4(e, r)P. 
EN 5 £5505 55dS EASE NSS RRs eke eee een te de = G~4(a, r)d. 
NG erg ce 5st nia aoe ns eR eager a neil a trae i V. = Gio, r)V. 
ce sc wrstaia noe RUS dens ewes eae aoe anced E, = Gu, r)E. 
re rr nr rr ee a eee g =G~,r)¢. 
I oii antic Sethe aE ie § anaes aien DaKiese yo aanese T. = G-\(e, r)T. 
NN 65.42.5336 pla eee badd d Cowenwatereereeuceed ve =G(, r)v. 


APPLICATION OF THE PRINCIPLE. 


13. In order to obtain unique solutions of physical problems by means 
of the Principle of Projective Covariance, it has thus far been found 
necessary to restrict ourselves to the case where we have one inde- 
pendent variable (¢), and one dependent variable (WV). It is for this 
case that a unique relation between W and é has been found. 

14. Let us suppose that some quantity W is expressed as a function of 
some other quantity £; that is, that we have 


v = ¢(é). 
By the Principle of Projective Covariance we also have 
¥.= ¢(&). 


The transformation-equations for W and é can easily be obtained. Let, 
then, 
Vv. = G*(o,r)¥, 
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and 
E. - G¥ (a, r)é, 


(a #0, B #0), 
where a and @‘are numerical constants. Then, 


Vv. = G(o, r)¥ = o(&) = o(G*E); 


VW = oft) = G“(a, r) g[G*(o, r)é]. (10) 
15. It will now be shown that the solution of the functional equation 
(10) is 


(9) 


and, therefore, 


v = Ke? 
where K is a constant. 
16. To this end, let 
G~*(a, r)&-*" g[G* (a, r)é] = n[G*(o, r)é]. (11) 
Next, combine this equation with equation (10). The result is 
E~“8 o(£) = n[G*(o, r)é]. (12) 


In eq. (12) replace — by G(c, r)é. We shall then have 
[G* (a, r)E]-“* g[G*(o, r)é] = n[G* (o, 1); 


that is, 
n[G*(o, r)é] = n[G** (a, r)é]. (13) 
Now, by replacing ¢ by G~*(o, r), equation (13) becomes 
nlé] = n[G*(o, r)é]. (14) 


By virtue of equation (13) we also have 
nlé] = n[G* (co, r)é], 


and, by mathematical induction, 


nlé] = n[G"*(o, r)é]. (15) 
In equation (15) if G'*(c, r) > 1, let 
&é=G "Fe, 
By this transformation, (15) will now become 
alg] = n[G-"* (a, r)s]. (16) 


From physical considerations it is clear that (0) exists. Hence, it 
follows, from (15) and (16), that the only solution of (14) is 


nlt] = n[G* (oc, r)t] = const. = K. 


EF o(£) = n[G*(c, r)é] = K; 
that is, since ¥ = ¢(£), 


Therefore, 


VY = Ke, (A) 
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17. It follows that whenever we are certain that WV is a function of 
only, all that is needed to get the relation between W and ¢ is to find a 
and 8, and substitute the value of a/8 in formula (A). 

18. Example 1: As our first illustration, consider the photo-electric 
effect, and assume with Einstein that 


VW =AE=E-— Ey = o(»), 


where ¢(v) is an unknown function of the frequency, v, of the incident 
light. By referring to the Table of Transformations it will be seen that 


=+1. 


a=-I, B= -I, and ; 
Hence, by formula (A), 
AE = hyp, 
where / is a constant (in this case, Planck’s). 
19. Example 2: It is known that the wave-length (A,,) for which the 
spectral energy is a maximum is a function of the absolute temperature. 
Let us find the function. Assume that 


V = rn = ¢(T). 


By referring to the Table of Transformations it will be seen that 


==] 
B 
Therefore, by formula (A), 
An = OT, 
or, 
Ant = 5, 


where 3d is a constant. 

20. Example 3: As another illustration, consider the mean kinetic 
energy (E,,) of the molecules of a perfect gas. Let us assume that E,, is 
a function of the absolute temperature only. We thus have 


v = E, = ¢(T). 


From the Table of Transformations it is seen that 


a= -I, and B=-TI. 
Hence, a/8 = + 1, and, by formula (A), 
E, = nT, 


where 1 is a constant. ° 
21. It may here be remarked that the solutions of the four classical 
functional equations, namely, 
o(u + v) = o(u) + of), (1) 
g(u + v) = o(u)e(r), 
g(uv) = o(u) + ofr), 
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and 
g(uv) = v(u)¢(v), 


have been obtained by means of formula (A). The solutions of the last 
three equations were made to depend on the solution of equation (1), 
the latter being readily obtained by the application of the Principle of 
Projective Covariance. 

22. The Principle of Projective Covariance will help us to determine 
unknown functions which depend upon more than one variable. Con- 
sider, for example, the frequency, »v, of a thin, flexible string of density 
d, total mass m, radius r, and length /, when stretched by a force of F 
dynes. Let-us assume that 


v = o(l, m, F). (1) 
By the Principle of Projective Covariance we also have 
Ve = Ole, Me, Fe). (2) 
Referring to the Table of Transformations it is seen that 
ve = G-(a, r)v, I, = G(o, r)l, 


m, = G-'(o, r)m, and F, = G(o, r)F. 
Therefore, 


ve = G'(o, r)v = ole, me, F-) 


= ¢(Gl, Gm, GF) 
and 
v= g(l, m, F) = G¢(Gl, G—'m, GF). (3) 


It is evident that one solution of (3) is 


[F 
v=k ml’ 


where k is a constant. The general solution of (3), however, would be 
of the form 
v = ki*m® F’, 


where a, 8, and y are constants staisfying the following condition- 
equation: 


a-B-24=-1I. - (4) 


23. To determine a, 8, and y uniquely, we would make two simple 
experiments, using the same material in both. In the first experiment 
we would vary F and keep m and / constant. In the second, we would 
vary m (that is, r) while keeping F and / fixed. The results of these 
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experiments! would be that 
y=%, and B= —}. 


Using this information and the condition-equation (4), we get im- 
mediately, 


Hence, 


or, writing m = xr*d-l, 





[ F 
v= kN ap’ 


THE FUNDAMENTAL PROBLEM. 


24. It should be observed that no direct method of getting a unique 
solution of a problem such as the one just given has yet been found. The 
Principle of Projective Covariance would, of course, be of very great 
service if it enabled ts to solve uniquely the general equations 


v = o(E, n, “5 @), 
Y= ¢(-, — S We), 2) 
where 
V, = G"(o, r)¥, é. = G*(o, ré, 
ne = G*(o, r)n, tee, and w, = G*(a, r)w. 


The solution of (Q) has not, however, been obtained. In default thereof, 
the Principle of Projective Covariance may still be used in verifying 
known functions (physical equations), and predicting possible forms of 
unknown functions. 

25. In the case of two independent variables ~ and 7, and if the reason- 
able assumption be made that W is expressed as 


Y = Kern", 
the solution has been obtained in the form 
VY = Ké*n”, (D) 
with 
n=(y+e)/(at+B), m= (y—ae)/(a+68), 
v,.= G"(o, r)Wv &. _ G*(e, r)é, 
ne = G*(o, r)n, and e=n—m. 


1 These experiments are, of course, unnecessary, if we wish to combine with the Principle 
of Projective Covariance the theory of dimensions. In that case, a, 8, and y would be 
obtained by combining two equations from the theory of dimensions with the condition- 
equation given by the Principle of Projective Covariance. 
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26. Although the attempt to express ¢ in terms of a, 8, and y has not 
been successful, it is worth pointing out that formula (D), [a + B ¥ 0, 
Y — ae ~ O, and y + Be ¥ Ol], gives the correct result in every case. 

27. At the time of writing it does not appear possible to solve (Q) 
with the help of the Principle of Projective Covariance only. Just how 
far the work can be extended, and what. additional assumptions, in 
particular cases, will be needed, cannot be definitely stated without 
further investigation. It is hoped that there will be an opportunity, in 
the future, to consider anew some of the problems which originally led 
to the Principle here presented. 


A SPECIAL FoRM OF THE FUNCTION G(o, 7). 


28. Since G(o, r) is arbitrary,! evidently G(c, r) = or’, where a and } 
are any constants, is a possible form of G(c, 7). Now, upon placing a 
equal to 1, and } equal to zero, we get 

G(o, r) =o. 


29. The transformation with respect to which the laws of physics are 
covariant now takes the following special form ? 


Xe = OX, 
Ve = OY, 
t. = ot, 


where ¢ is an arbitrary constant. From what has preceded, it is obvious 
that the transformation for length is 


I, = ol. 


The transformation-equations for the other quantities considered above 
are the same as those already given except that o replaces G(o, r). 


COMPARISON BETWEEN THE PRESENT WORK AND Dr. TOLMAN’S. 


30. For the sake of comparison, the present work and Dr. Tolman’s 
are presented in tabular form. 


The Present Work. Dr. Tolman’s Work. 
The Principle of Projective Covariance: The Principle of Similitude: 
The laws of physics are covariant with The fundamental entities of which the 
respect to the following transformation: physical universe is constructed are of such 
X%- = Gla, r)x, a nature that from them a miniature 
Ye = Gla, r)y, universe could be constructed exactly 
Z = G(o, r)z, similar in every respect to the present 
te = G(o, r)t. universe. 


® See footnote 1. 
2In this special form, the transformation is projective. Hence, the title Projective 
Covariance. 
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Transformations for fundamental physical Relations between fundamental quantities 
quantities: of the miniature universe (denoted by 
l, = Go, r)l, primed letters) and those of the present 
t, = G(o, r)t, universe: 
m. = G-\(c, r)m, m’ = m/x, Vv = cl, 
qe = q, q’ =4@, = xt, S’ = S§, 
Se = S. 
Working formula: 
Working formula for two variables: Not given by Tolman. 
WY = Kia/s, (See, however, foot-note 11.) 


(see (A) above). 
o 


31. The reader will note that there are similarities between the present 
work and Dr. Tolman’s: the method of development in some instances 
being almost identical in both papers. Nevertheless, in spite of these 
coincidences, the Principle of Projective Covariance is entirely indepen- 
dent of the Principle of Similitude. On the other hand, the Principle of 
Similitude may be regarded as a SPECIAL INTERPRETATION of the Principle 
of Projective Covariance. 

32. The Principle of Similitude is a special case not only of the general 
Principle of Covariance, (C), but also of the special form of it considered 
in paragraph 29. For, since a is entirely arbitrary, the transformation 
may be regarded either as a compression or an expansion. Hence, in 
addition to the “miniature universe” of the Principle of Similitude, the 
Principle of Projective Covariance (that is, the special form of it as 
given in paragraph 29), by a suitable interpretation, could also be made 
to yield what may be called an EXTENDED UNIVERSE. 

33- The conclusion drawn from the preceding remarks is that concepts 
like ‘‘miniature universe” are extraneous. That this is the case, may be 
strikingly shown by considerations like the following: 

34. Let us assume for the moment that the general function G(¢, r) 
is of the form 


G(o,r) = n°," (a) 


where n is any positive number greater than 1. The transformation for 
length is 
re = G(a, r)r. (d) 


Now, in general, if ¢ > r > 1, it is evident from (a) and (0) that 
Gg O Ti 
and if r > « > 1, we shall have 


f. < PF. 


1 Formula (A) can be shown to follow from the Principle of Similitude. This was done 
by the writer in a paper read before the Iowa Academy of Science, April, 1920. 
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Similar considerations hold for ¢ > r <1, andr >o<1. The Prin- 
ciple of Projective Covariance holds whether r, > r or r, <r. But, if 
we are contemplating a model universe, it would manifestly have to be 
of such a nature that, for certain values, a length would experience an 
expansion, while for other values, it would suffer a contraction. Hence, 
in general, a geometrical figure would experience a distortion; and, in 
certain cases, may not have any resemblance whatever to the original 
figure (that is, to the figure as seen by an observer of the present universe). 
Under these circumstances, then, the model universe would not be 
“exactly similar in every respect to the present universe.”’ } 

35. In justice to Dr. Tolman it should be emphasized that none of his 
work is invalidated by the Principle here presented. It appears, however, 
that the Principle of Similitude is merely a very special case of the general 
Principle of Projective Covariance. 

36. When one considers the concepts of space and time as reflected in 
the works of Einstein and Minkowski, and if one interprets the present 
Principle to mean that physical equations are ‘“‘homogeneous in Min- 
kowski variables,’’ the simplicity of the Principle will be quite evident. 

37. The chief advantages of the present work consist in (1) avoiding 
extraneous concepts (e.g., ‘“‘miniature universe’) and the attendant 
unprofitable attempts at visualization; (2) not making use of Einstein’s 
postulate of the constancy of the velocity of light; and (3) the derivation 
of a working formula. 

I am grateful to Professor E. B. Wilson, of the Massachusetts Institute 
of Technology, for having read part of the manuscript. 


REED COLLEGE, 
PORTLAND, OREGON, 
Dec., 1920. 


1R. C. Tolman, Puys. REv., Aug., 1914. 
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THE LAWS OF ABSORPTION OF X-RAYS.! 
By F. K. RICHTMYER. 


SYNOPSIS. 


Measurement of Absorption of X-rays.—The use of a filtered beam of rays can at 
best give only approximate values of the coefficients, for such a beam is not homo- 
geneous. It is pointed out that logarithmic absorption is no proof of homogeneity. | 
In these experiments homogeneous radiation was secured by using a Bragg spec- 
trometer and the effects of secondary radiation were avoided by placing the absorbing 
material between the two slits which limited the beam. By taking these and other 
precautions a precision of 1-2 per cent. was obtained. For wave-lengths below 
0.15 A. it was found better to place the thin analyzing crystal of NaCl nearly at 
right angles to the beam and to use the radiation reflected from atom planes per- 
pendicular to the ones usually used. 

X-ray Absorption by Ag, Al, Cu, Mo, Pb and H:0 for Wave-lengths about 0.13 to 
0.7 A.—The linear relation, established by Hull and Rice, between the mass-absorp- 
tion coefficient and 3, u/p = FX* + /p, holds accurately for these substances until, 
as A is increased, the characteristic K limit is approached, when the values of n/p 
are increasingly too small. The linear relation also holds above the K limit, F 
having a much smaller value but o/p, the mass-scattering coefficient being about the 
same. The atomic absorption coe ficient for wave-lengths below K is a linear function 
of N‘4, where N is the atomic number, in agreement with Owen’s results. The 
general law of X-ray absorption is therefore as follows: a = RN*d* + oa where k 
is a universal constant equal to 2.29 X 107’ below the & limit and to 0.33 X 107?’ 
above that limit. The experimental curves give no evidence for the existence of 
the ‘‘J”’ radiation reported by certain observers for Ag, Al, Cu and H:0. The 
absorption for water was measured down to 0.093 A but shows no indication of an 
approach to the absorption found for the hard y-rays of RaC. 


GENERAL STATEMENTS ON ABSORPTION MEASUREMENTS. 


N accurate knowledge of the laws of X-ray absorption by various 
A media is of obvious importance in connection with the problems 
of atomic structure and of the nature of radiant energy. One may 
classify all measurements of X-ray absorption coefficients according as 
the investigator (1) has used a strictly homogeneous beam obtained by 
reflection from a crystal grating or (2) has attempted to get a more or less 
homogeneous beam either by employing the characteristic radiation of 
some target or by filtering out the longer waves from a gross beam by a 
filter such as aluminum and then assuming that the resultant filtered 

‘beam is practically homogeneous. In the latter case the mean wave- 
1 The work herein described was done at the Research Laboratory of the General Electric 


Co. The writer wishes hereby to make grateful acknowledgment, particularly to Dr. A. W. 
Hull, for the many courtesies extended and for the laboratory facilities made available. 
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length of the beam is given. Thus Auren,! in studying the absorption 
coefficients of a large number of compounds, from which to compute the 
coefficients of the components, filters his radiation (voltage applied to 
tube not stated) through 1.12, 2.05, 5.00 and 10.00 mm. of aluminum 
respectively. He gets the mean wave-length of each filtered beam by 
measuring the absorption coefficient of copper for the beams and com- 
pares this coefficient with data from Barkla for the variation of the 
absorption coefficient of copper as a function of wave-length. The mean 
wave-length of the filtered beams are .38, .36, .34, and .30 Angstroms, 
respectively. He concludes, from absorption measurements by use of 
these wave-lengths, that ‘‘although the atomic absorption coefficient in a 
great number of elements may be proportional to a power of the atomic 
number (yet) ... in certain elements there are very marked dis- 
continuities.” 

In an earlier paper? Auren concludes that the atomic absorption coeffi- 
cient is not proportional to the fourth power of the atomic number of the 
absorber, contrary to conclusions reached by Bragg and Pierce,’ and 
confirmed later by Owen‘ for the absorption of the a line of Pd obtained 
by reflection from a crystal. . 

The use of a filtered beam for absorption. measurements may give 
approximate results so long as one of the characteristic absorption limits 
of the absorber does not fall within the spectral region covered by the 
filtered beam; but at best the results can be only approximations to the true 
values of the absorption coefficients. 

Another error should be pointed out in absorption measurements 
involving filtered radiation. Assuming the general absorption law for 


homogeneous radiation 
I = Ige-*” 


one gets the linear equation between log J and x: 
log J = — px + log Io. 


Conversely it has been assumed’® that a strictly homogeneous radiation 
has been obtained by filtering when a plot between log J and x is a 
straight line. This conclusion is not necessarily justified. The linear 
relation simply means that yu has the same value for all components of the 
radiation, which may be homogeneous or heterogeneous; or in other 
words that, for the radiation remaining after filtering, » does not change 

1 Phil. Mag., 37, p. 165 (1919). 

2 Phil. Mag., 33, p. 471 (1917). 

3 Phil. Mag., 28, p. 626 (1914). 


4 Proc. Roy. Soc., 94, p. 510 (1919). 
5 E.g., see Rutherford, Barnes, and Richardson, Phil. Mag., 30, p. 339 (1915). 
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with A. As is shown by data contained herein and also by Barkla and 
White’ there is comparatively little change in the mass absorption coeffi- 
cient, u/p, for water below A = .2 A. In the case of Al the change in 
u/p from X = .15 A. down to the shortest X-ray wave-lengths yet ob- 
tained is not more than 20 per cent. This is the obvious explanation of 
the linear relation between log J and x after filtering through Al as ob- 
tained by Rutherford, Barnes, and Richardson, rather than the one given 
by these writers, namely that there is no decrease in wave-length in X- 
radiation by use of voltages above 125,000 

On the contrary absorption measurements in which a strictly homo- 
geneous beam has been obtained by reflection from a crystal grating seem 
to lead to perfectly definite laws. Thus, Hull and Rice,? conclude that 
’ the mass absorption coefficient, u/p, is given as a function of the wave- 
length, A, by an equation of the form 


ak Ler (1) 


where a/p is the so-called mass-scattering coefficient, and F is a constant. 
These investigators verified this equation for aluminum, copper, and 
lead from .147 A. to 392 A. They assumed o/p to be constant and 
equalto.12. In this equation the term FA’ is due to fluorescent radiation. 
It is frequently written 7r/p, and is then called the mass-fluorescent 
absorption coefficient. Owen’ shows that 7/p is proportional to the cube 
of the atomic number of the absorber, 7.e., 


~ = CN® (2) 


at wave-length \ = .589 A. But it should be remarked that Owen’s 
results can hold only for those substances whose K absorption limit is 
on the long wave-length side of \ = .589 A. A similar law may possibly 
hold for the group of elements whose K absorption limit is on the short 
wave-length side of A = .589 A., but with a different value of C. 


PURPOSE OF THE INVESTIGATION. 


In view of the simplicity of the laws expressed by (1) and (2) and of the 
corresponding importance which they thereby assume, it seemed desirable 
to extend these measurements over as great a range of wave-lengths as 
possible, getting measurements of the highest attainable precision, in 
order to answer the following questions.® 

1 Phil. Mag., 34, p. 270 (1915). 

2? Puys. REv., VIII., p. 326 (1916). 


3’ Preliminary reports of the results of this investigation have been given in papers pre- 
sented to the American Physical Society. See Richtmyer and Grant, Puys. REv., and 
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I. Do equations (1) and (2) accurately hold over a wide range of wave- 
lengths, especially if the measurements be extended to the long wave- 
length side of the K absorption limit—the latter of course with change in 
value of the constant F? 


II. Is the term o/p constant for all substances? 

III. Is there, as reported by Barkla and White, Williams,2 Owen® 
and Dauvillier,* a discontinuity in the absorption curve, indicating a 
‘‘J”’ radiation, similar to the discontinuities that mark the K and L 
radiations? 


APPARATUS AND METHOD. 


The apparatus, patterned after the well-known Bragg X-ray spec- 
trometer, needs no special description. ‘The X-ray tube used was of the 
Coolidge type, the filament of which was operated by a well-insulated 
storage battery. For the short wave-length work was used a tube of the 
radiation type, specially exhausted. For the longer wave-lengths a 
water-cooled tube was employed, thus giving sufficient energy for accurate 
measurements in the neighborhood of 1.0 A. Voltage was applied direct 
to the tube, without rectification, from the secondary of a high tension 
transformer, the primary of which was connected to a specially controlled 
60 cycle A.C. dynamo. Under normal conditions the variations in 
voltage, over long periods was never greater than 0.1 per cent. The 
radiation type tube was operated at as high as 110 kv. r.m.s. 

The target was approximately 45 cm. from the NaCl crystal. In line 
with target and crystal, and between the two, were two micrometer slits 
with lead jaws limiting the X-ray beam to a few tenths of a millimeter in 
width. The absorbing material to be studied was placed between these 
two slits, thus avoiding the troublesome secondary radiation when the 
absorber is placed next to the ionization chamber. 

Above .15 A. the crystal was used in the ordinary way, i.e., the X-ray 
beam was reflected from the surface planes of a thin crystal. At shorter 
wave-lengths the glancing angle becomes rather small, of the order of 1 
degree, and considerable trouble was experienced from stray secondary 
radiation entering the chamber directly. It was found that this was in 
part avoided if a crystal about three millimeters thick were employed, 


Richtmyer, PHys. Rev. The writer wishes to express his indebtedness to Dr. Kerr Grant 
of Adelaide University, South Australia, who collaborated in the early part of this investi- 
gation and thereby made many of these measurements possible. 

1 Phil. Mag., 34, p. 270 (1917). 

2 Proc. Roy. Soc., 94, p. 567 (1919). 

* Proc. Roy. Soc., 94, p. 339 (1919). 
4 Ann. de ph., XIV., p. 49 (1920). 
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and placed as shown in Fig. 1, thus using the atom planes at right angles 
to the major surfaces of the crystal. For these wave- 

lengths the crystal is sufficiently transparent, but cuts —]—- 
off the fluorescent radiation of longer wave-lengths 
coming from slit edges, crystal mounting, etc. 

The ionization chamber was of brass, lead covered, approximately 60 
cm. long by 10 cm. diameter. Rays were admitted through a thin mica 
window attached with sealing wax. A micrometer slit, with lead jaws 
immediately in front of the chamber, protected it from stray radiation. 
The collecting rod was supported by sulphur insulation, with suitable 
guard rings. Methyl bromide vapor was found to be most satisfactory 
for filling the chamber. This substance boils at 4° C. and is rather 
troublesome to handle but it did not attack the insulation as did some 
of the other vapors used. The collecting rod was charged to a potential 
of 200 volts by dry cells. 

The ionization current was measured by observing the rate of increase 
of potential of the insulated system by means of an electroscope of the 
Bumstead type, the plates of which were charged to + 225 and — 225 
volts respectively. The sensitivity was of the order of 200 divisions per 
volt. The rate of drift of the electroscope leaf was observed by a stop 
watch. 

In order to eliminate observational and instrumental errors as far as 
possible the following precautions were observed. 

1. The intensity of the X-ray beam was so adjusted (by current through 
filament or by applied voltage) that the rate of drift of the electroscope 
leaf was of the order of one or two divisions per second, some 60 divisions 
being covered for each reading. Errors in time measurements were of 
the order of 0.2 per cent. for each reading. The mean of several readings 
was taken for each observation. Correction was made for natural leak 
which was usually less than one per cent. of the ionization current 


Fig. 1. 


measured. 

2. The thickness of the absorber was so chosen that the interisity of 
the transmitted beam was seldom less than 40 per cent. or more than 65 
per cent. of the incident beam. 

3. When making an observation at any angle 0, and wave-length i, 
the voltage applied to the tube was so adjusted that there was not 
present in the X-ray beam second order energy of wave-length }/2. 
This was determined by the equation 
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where Amax is the wave-length in Angstréms corresponding to the maxi- 
mum frequency produced by V kilovolts. For example, if one is working 
at 0.4 A. there should not be present in the incident beam any radiation 
of second order of 0.2 A. Or 


V= _ = 61.5 kilovolts 


is the (peak) voltage just necessary to produce radiation of 0.2 A. Con- 
sequently a voltage somewhat less than this is to be employed. To 
guard against errors in estimating the maximum permissible voltage, 
due to distortion of wave form, a check was frequently made by observing 
whether, with the maximum permissible voltage as estimated, there was 
any radiation at 6/2.! 

The method of making observations was briefly as follows: At any 
given (chamber) angle 26, the time required for the gold leaf, after 
breaking earth connection, to drift from division A to division B, say 
60 divisions apart, was observed, several readings being taken. The 
absorbing material was then put in place and several more readings 
taken. The absorber was removed and the first set repeated. The 
reciprocals of the mean average time with and without the absorber give 
quantities proportional to the respective ionization current. The absorp- 
tion constant, », was then determined from the usual law 


I = Ine**. 


From knowledge of the density of the absorber and its thickness, or of 
the mass per square centimeter of absorbing material in the path of the 
X-ray beam, the mass absorption coefficient u/p was determined. 
The following table will make the observations and method of compu- 
tation clear. 
Determination of u for Molybdenum. 
30.3 kilovolts; 1.70 milliamperes. 


Absorber: Molybdenum No. 1 + No. 2; px = .0358 gms. per sq. cm. Time to charge 
from division 20 to division 100: 




















Absorber out Absorber in Absorber out 
32.0 sec. 64.8 sec. | 31.8 sec. 
32.2 64.2 31.6 
31.8 64.2 | 31.6 
EN pes ehedindndatdeaserieesawons 64.4 | 31.85 
1/T (proportional to current) .0314 | .0155 
ee .0311 .0152 
aes Zo _ 2.30 X 311 © : 
> pX loge Fj 0358 20.0 gms. 


1 Assuming 0 = sin @ in the equation m\ = 2d sin 0. 
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The center of the direct beam was located on the divided circle by 
ionization measurements and the wave-length corresponding to any 
chamber angle 20 was computed from the well known equation 


uA = 2d sin 6, 


where d was taken as 2.814 X 10-® A. The calibration was always 
checked by setting on the K, lines of tungsten. 


TABLE I. 


ul/p for 
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DATA AND RESULTS. 


The following substances have been studied: water, aluminum, copper, 


molybdenum, silver, and lead, over wave-lengths ranging from .093 A. to 


.95 A. Owing partly to experimental difficulties, however, not all of 
these substaces have been studied over the entire range. Thus measure- 
ments on lead were not made at wave-lengths greater than .550 A. 
because of the difficulty of making homogeneous lead foil of the order of 
.OO1 in. thick, to say nothing of the difficulty of measuring, to I per cent., 
the thickness after it is made. And in passing, it may be remarked that 
the securing of homogeneous absorbing films and of measuring their 
mass per square centimeter, constituted one of the serious difficulties 
of this investigation. 

Table I. and Figs. 2 to 8 show the values of u/p as a function of wave- 
length for the substances studied. In the table, ‘the data given for 
aluminum are actual observed points. Because of the fact that measure- 
ments were not in general made at the same wave-length settings for all 
the substances, some of the values given for the substances other than 
aluminum were read from curves plotted through observed points. 
Figures 2-8 however are plotted from actual observations, and show u/p 
plotted as a function of both \ and \*. With few exceptions the values 
of »/p are accurate to one per cent., as may be judged from the smoothness 
of the curves. 
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CONCLUSIONS. 


I. Variation of u/p with Wave-length and with Atomic Number of 
Absorber.—It will be seen in general that the curves plotted with p/p 
as a function of \* are, at the shorter wave-lengths, straight lines; but 
that as one goes toward longer wave-lengths, the values of yu/p as pre- 
dicted by this straight line are increasingly too great. Thus in Fig. 2 
the equation 

(*) = 14.45¥ + .15 
p/ai 
represents u/p very accurately up to about .4 A., but above that value of 
d values of u/p are less than would be expected. In Fig. 3, which is an 
extension of u/p for aluminum to longer wave-lengths the same tendency 
is noticed. The equation 


(‘) = 14.30A°+,16 
P/JAI 


gives values of y/p slightly too high at .4 A. and slightly too low at .7 A. 

Reference to copper, Fig. 4, shows the same tendency to concavity 
toward the \* axis. This concavity is still more marked in the case of 
substances of higher atomic number, as is shown by Figs. 5 and 7 for 
molybdenum and silver respectively. 

Figures 6, 7 and 8 show the values of u/p for molybdenum, silver, and 
lead respectively on the long wave-length side of the K absorption line. 
Here again the linear relation between yu/p and \* seems to hold rather 
accurately, except that in the case of lead the last two observations fall 
very much below the straight line. 

It may be concluded therefore that the general equation 


Ci. ea 
late (1) 


represents the law of absorption, provided one is not approaching, from 
the short wave-length side, a characteristic absorption band. To express 
the law accurately there must be deducted from the right hand side of (1) 
a term involving some unknown function of \/Agx where Ax is the wave- 
length corresponding to the K absorption limit. Keeping in mind this 
limitation the following equations give the mass-absorption coefficient 
for the several substances studied, and the range over which the equation 
holds. 

In order to ascertain how yu/p varies with the atomic number of the 
absorber it is necessary to discuss separately the two terms F)* and a/p. 
Since it is the atom as a whole which acts as a unit in absorption it is 
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TABLE II. 
On Short Wave-length Side of the Respective K Absorption Limit. 











Aluminum..... pio = 14.45d3-+ .15 | 1A to 4A 
nip = 14.308 + .16 4 to.7 
CO ee wip = 147r8 + .5 A wos 
Molybdenum .. nlp = 450A + .4 | 1 to 35 
ae n/p = 603d + .7 1 to.4 





On Long Wave-length Side of the K Absorption Limit. 





Molybdenum .. wip = 51.53 + 1 
SIE oo sccves ulp = 86d* + .6 
Lead... seeeees a _ Bip head 5103 + 215 en | 








d is expressed in Angstrom units. 


first necessary to reduce values of u/p, in which absorption is given for 
a layer of material thick enough to contain I gram per sq. cm., to the 
atomic absorption coefficient, ua, for a layer containing one atom per 
sq.cm. This is done by dividing both sides of equation (1) by n/A, the 
number of atoms per gram, where m is Avogadro’s constant 6.06 X 10”, 
and A is the atomic weight. This gives 


n/p _A Ao 
neg? ee tS a (3) 
= F.W* +o (4) 


where F, = F(A/n), and o.[= (¢/p) - (A/n)] is the atomic scattering 


coefficient. 
Figure 9, plotted from the last two columns of Table III. shows the 
relation between F, and the atomic number of the absorber. The slope 





Fig. 9. 


1 Data on Silver is approximate, since measurements were not made as carefully as on 
other substances. 
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SeRIgs. 
TABLE III. 

Substance. | At. Number. F. F, =F Ain. | Log N. | Log F, - 
et epee 13 14.45 64.5 10-%| 1.114 | —27.810 
REAR 29 147 1,550 | 1462 | —25.190 
inns anes 42 450 7,130 | 1.623 | —25.854 
Ra a 650! 11,600 1.672, | —24.053 | 








of the curve is 4.00. We may accordingly write 
F, = kN‘. (5) 


The mean value of k for these four elements is 2.29 X 107-*7. Putting 
this value of F, in equation (4) gives 


Ma = 2.29 X 10777 N*)? + a, (6) 


as the value of the atomic absorption coefficient as a function of atomic 
number and wave-length, provided the values of \ are well removed (i.e., 
on the short wave-length side) from the K characteristic absorption limit. 
Although of numerical significance only, it may be observed that this 
value of k is about one third of Planck’s constant h. So that for keeping 
the equation in mind we may write, approximately 


ie = Na? + oa. (6’) 


Equation (5) agrees with the conclusions of Owen,® who, however, 
worked at only one wave-length. 

It must be kept in mind, as pointed out above, that (6) does not repre- 
sent the value of yu, as the absorption limit is approached. To make the 
equation complete we should have to write 


‘ 


NN 
Ha = RN*E + a, -s(*), (7) 





where f(A/Ax) is a function, at present unknown, but which increases, 
perhaps rapidly, as the K absorption limit \,x is approached. 

An inspection of Table II. and the curves for molybdenum, silver, and 
lead shows that on the long wave-length side of their characteristic K 
absorption limits an equation of the form 


- F’y3 *- (8) 


.~) 


expresses the relation between u/p and X. Data is not sufficiently accu- 
rate (on account of the very thin absorbing sheets necessary) to deter- 


1 Taken from the short wave-length data for Ag. 
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mine how F,’ depends on atomic number. But a plot, similar to that 
for F, shows that 


F,’ = k’N*. 
All that can be said is that the exponent of JN is at least of the same order 
as that in the equation for F.. 

II. The Value of the Mass Scattering Coefficient—From Fig. 2 it is seen 
that the value of the mass scattering coefficient of aluminum, ¢@/p, is .15. 
Data for the remaining elements is not sufficiently accurate to determine 
values of o/p except to say that there seems to be a tendency for an 
increase in o/p with increasing atomic number of absorber. Much more 
data at very short wave-lengths is necessary to determine how a/p varies 
with N. | on 

But it is to be noted, that, so far as data goes, the value of o/p as deter- 
mined from data on silver and molybdenum is to a first approximation 
the same on the long wave-length side of the K absorption limit as on the 
short wave-length side, for both curves cut the o/p axis at approximately 
the same point. 

The importance of this is shown in Fig. 
10, in which the value of yu/p is shown dia- 
grammatically as a function of \*. Allow 
X-rays of wave-length },; to fall on a thin 
sheet of the absorber whose characteristic 
K limit is \x. The vertical line ad is 
proportional to the total energy removed 
from the transmitted beam. Of this energy 
an amount proportional to ab is re-radi- 
ated as K fluorescent radiation; an amount 
proportional to bc, as L fluorescent radi- 
ation; and an amount proportional to cd 
is scattered without change of wave-length. Subject therefore to the 
correction term mentioned in equation (7) the mass absorption coefficient 
for a given substance is given by 

















” K L e 
t= KO | +1 | - = (9) 
p 0 0 Pp 
The term Kn*]* is to be used from \ = 0 to the K absorption limit and 
determines the K fluorescent radiation; the term Li*]/ is to be used 
up to the first L absorption limit. L itself is probably made up of several 
terms. 

In spite of the correction term mentioned in equation (7) these laws 


of X-ray absorption are exceedingly simple as compared with the corre- 
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sponding laws in the ultra-violet and visible region of the spectrum. It 
may not be too much to hope that a gradual extension of these laws to 
longer and longer wave-lengths may lead to some clue as to absorption 
of visible radiation. 

III. Is there Evidence of a Discontinuity in Absorption Curves Indicative 
of a Characteristic ‘‘ J’’ Radiation ?—Table IV. gives the location of the 
discontinuities in the curves for u/p as observed by various investigators. 































TABLE IV. 
—_ — ———_— | jl ~— pew ——————— 
N | Element. | “—. 3 Williams... = Owen.2 = Dauvillier.13 
| aan. — | 

re | Cc | = | = _ | o— 

Rete, | oO | 39 | ena — — 
a Al 37 49 A. — .358 
eee Si ~~ -- A493 = 
a | Cu | — 448 | — | — 
| Be | — | mp i im Ff oo 
| Ag | — — | — | 178 








Barkla and White’s data_is shown in Fig. 11.7 They assume that the 
absorption of water is due mainly to oxygen; and of paraffin mainly to 
i carbon. In the present paper no data is shown for carbon, but reference 
4 to Fig. 2 will show that there is no discontinuity in water at .39 A. 





Fig. 11. 





17 The plotting is my own. F.K.R. 
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Williams concluded that Barkla’s discontinuity for aluminum was at too 
short a wave-length, and should be at .49 A. Fig. 3 shows no discon- 
tinuity in aluminum at this wave-length, nor is there any apparent 
discontinuity in copper at .448 A. as will be seen from Fig. 4. It is 
suggested that these apparent discontinuities were due to a rather large 
experimental error, combined with an accidental grouping of points. 
Thus Barkla and White’s data would show apparent discontinuities at 
several other wave-lengths than those mentioned. 

Dauvillier’s apparent discontinuity in aluminum at .358 seems to be 
due to the K absorption limit of iodine in his ionization chamber, for no 
discontinuity is to be observed at this point in Fig. 2. His “J” for 
bromine is identical with Duane’s a; line for tungsten. I have been 
unable to trace the origin of his suggestion of a ‘‘J”’ for silver at .178 A. 
But Dauvillier states that if the square root of the frequencies for these 
three ‘‘J’s’’ be plotted, after Mosley, against atomic number, a straight 
line results. Such a graph predicts a discontinuity for copper at .250 A. 
and for molybdenum at .196 A. An inspection of Figs. 4 and 5 will show 
that there are no discontinuities for these elements at these points. The 
conclusion is that there is no evidence in favor of discontinuities in 
absorption curves indicating a radiation in the X-ray region shorter than 
the K series. 


THE Mass ABSORPTION COEFFICIENT OF WATER AT VERY SHORT 
WAVE-LENGTHS. 


It is known that the value of yu/p for the hard rays from radium C 
is of the order of .05 to .o8 for various substances, much lower than 
would be expected by extrapolation to \ = 0 of the curves, say, in Fig. 2 
for water and aluminum. The wave-length of these rays from radium C 
is not known but has been estimated by Rutherford and Andrade to be 
less than .or A. An attempt was made to see whether, in the case of 
water, there was any evidence of a downward bend in the curve, at very 
short wave-lengths, toward the value given for the rays from radium C. 
Although measurements were pushed down to .093 A. there was no 
evidence of a downward bend. It is as if the mechanism operative at 
o.1 A. must differ materially from that which is responsible for the 
scattering of the much shorter rays from radium C. If we assume that 
the innermost group of electrons around the nucleus is responsible for the 
emission and absorption of K radiation, we must look to the nucleus 
itself for the emission and absorption (scattering) of still shorter groups of 
rays as the hard rays from radium C are thought to be. Rutherford has 
recently found evidence pointing to a structure of the nucleus, of elements 
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up to oxygen, as made up of both positive and negative charges. Such a 
system should obviously both radiate and absorb. Perhaps further 
knowledge of the nucleus may throw light on the question of absorption 
of very short waves. 
SUMMARY. 

1. It has been shown that the mass absorption coefficient of Ag, Al, 
Cu, Mo, Pb and H.O for X-rays is given in each case by an equation of 
the form 


“=F +", (1) 
p :  p 


so long as the values of \ are considerably smaller than the K absorption 
limit Ax, and that as this limit is approached a term of the form f(A/Ax) 
must be subtracted. This function is unknown. 

2. Above the K absorption limit an equation of the same type holds, 
namely 


“=F +-. (8) 
p p 


3. If the atomic absorption coefficient 4, be computed, equation (1) 
becomes 
Ma = Fw + oa (4) 


and it has been shown that F, is proportional to the fourth power of the 
atomic number, 7.e., 
F, = kN, 


where the numerical value of k is 2.29 X 10-”. This combines with (1) 
to give the atomic absorption coefficient of substances (from Al to Ag at 
least) by the equation 


Ma = 2.29 X 10-7 N43 + ag. 


4. The value of the mass scattering coefficient seems to be independent 
of wave-length, since to a first approximation at least the value of @/p is 
the same, for each substance, in equations (8) and (1). 

5. There is no evidence, on the basis of absorption measurements, for 
the existence of a ‘‘J”’ radiation. 

6. The value of u/p for water, down as far as .093 A. shows no evidence 
of an approach to the corresponding value for the hard rays from radium 
C. 


CORNELL UNIVERSITY, 
ITHaca, N. Y. 
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THE EFFECT OF A UNIFORM MAGNETIC FIELD ON THE 
MOTION OF ELECTRONS BETWEEN COAXIAL 
CYLINDERS. 


By ALBERT W. HULL. 


SYNOPSIS. 


Equations of motion for electrons are developed starting from a cylindrical cathode 
and moving toward a co-axial cylindrical anode, in a uniform magnetic field parallel 
to the common axis. The electrons will reach the anode if the ratio of potential 
difference to magnetic field is greater than a critical value, and will fail to reach 
it if the ratio ig less than this value. 

In the case of a small cathode in the axis of an anode of radius R at potential V, 
the critical magnetic field is 

8m V1/2 
-o-er 2 

For a small anode of radius ro at potential V, in the axis of a cathode of radius Ro, 
the critical field is 

Se pete = 

Ro e Ro eRo 

In this case the initial velocity vo of the electrons cannot be neglected. This equa- 
tion also applies, with appropriate Ro and e/m, to positive ions produced by electrons 
from an internal cathode. 

If the radii of both cylinders are large the solution reduces to the familiar one of 
plane parallel plates. 

The equation of the path of the electrons is deduced, on the assumption that the 
space charge distribution is the same as without magnetic field. The path is given 
by r = R(sin } 6)?. This is a close approximation to the true path, as calculated 
from the space charge distribution recently worked out by Langmuir. Experi- 
mental curves showing current at constant potential as a function of magnetic 
field, for different anode diameters, voltages, filament temperatures, degrees of 
symmetry, etc., are in agreement with theory within the limit of experimental 
error. 

The internal cathode tube offers a means of measuring e/m, and the internal 
anode a means of measuring the distribution of initial velocities. 


INTRODUCTION. 


‘_ motion of electrons in uniform electric and magnetic fields has 
been studied by many investigators. A few special cases of 
non-uniform fields have also been investigated; for example, the mag- 
netic field due to current in a long straight wire,? and the electric field 
between a straight filament and concentric cylinder. In the latter case 


1 See, for example, J. J. Thomson, Conduction of Electricity through Gases, second Ed., 
pp. 104-116. 
2 J. J. Thomson, l.c., p. 108; O. W. Richardson, Roy. Soc. Proc., 90, 174, 1914. 
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the effect of the space charge of the moving electrons has been taken 
account of.’ 

A case of special interest, which appears not to have been investigated, 
is that in which the electric field is radial and symmetrical about a 
straight line, and the magnetic field is uniform and parallel to this line. 
This applies to an evacuated tube containing a straight filament and a 
concentric circular cylinder, in the axis of a long straight solenoid. The 
theoretical conditions can be accurately realized, and the apparatus is 
easy to construct and operate. 

Relation between Magnetic Field, Voltage, 
and ‘‘ Range”’ of the Electrons—The equa- 
tions of motion of an electron starting from 
a point at distance ro from an axis (Fig. 1), 
with initial velocity components 


-($), " (3 om *); 
uo = dt ." Vo = fo dt . Wo= dt ." 


and moving under the influence of a con- 
stant magnetic field of intensity H parallel 
to the axis, and a symmetrical radial elec- 





Small Sa aut» tric field of intensity F (function of r only) 
drical anode. are: 

ae (3) ~ 75> 254: © 

ra) ~ 7x ae @ 

=> (3) 


Integrating (2) with respect to time gives: 
60 10 (me _ He) , He 
dt r\1r 2m 2m~ 
The maximum radial distance from the axis that an electron can travel 


may be found either by equating the total work eV done by the electric 
force to the kinetic energy of tangential motion 


(Zi) 
2 \"at)’ 


given by Eq. 4; or by equating the radial velocity dr/dt to zero. The 


(4) 


* Langmuir, Pays. REV., 2, 450, 1913; Schottky, Ann. d. Phys., 44, 1011, 1914. 
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latter is found from integrating Eq. 1 with respect to r, which gives: 


dr \?2 e e \? ro \? e ro 
(7) =2£v,-m(S)e(: - 2) — 12 r0o(1 - 4) 


al er \ : re 
(=e toe(r-F)tut © 


where 


/ 


V, = f Fir .. 


is the potential difference between the starting point ro and the point r. 

Putting dr/dt = o gives the maximum distance 7, from the axis that 
the electron can reach, in terms of the potential V, at this distance and the 
magnetic field H: 


e ro \? Hrovo Vo" ro Ue? 
Ve = Pg rat (1 -%) —r-ae ~%) ~ 2m © 

Ifa conducting cylinder of radius r, is inserted in the position of the 
surface 7m, all the electrons will reach it if its potential is greater than V,, 
and none will reach it if its potential is less than V,. Hence if one observes 
the current to the cylinder as a function of V with constant H, or as a function 
of H with constant V, this current should fall abruptly to zero at the critical ° 
values of Vand H. This is found to be true experimentally (Figs. 7-10). 

The above equations refer to the motion of both electrons and ions, 
in either direction, starting at any point with any initial velocity. They 
become much simpler under practical conditions. Four special cases 
will be considered. 

CASE I. INTERNAL CATHODE.—Electrons start from a straight filament 
of radius ro and travel to a concentric cylindrical anode of radius R, large 
compared with the filament (Fig. 1). 

Equation 6 then becomes 





Tovo Ug? + ve 
2 2e/m 





e 

Ve BP +e (7) 

The last term on the right-hand side represents the initial energy of 
emission of the electrons, expressed in the same units as V. 

If the initial energies are those of thermal emission, between zero and . 
2 volts, then the last two terms are negligible for the great majority of 
electrons, whose initial energies are less than 1/10 volt; and they are 
negligible even for electrons with the highest initial energies when V 
and H are large. 
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For example, in the case of a 4 mil filament in the axis of a 1 inch, 
cylinder, 
ro = .005 cm.; R = 1.25 cm.; 
Vuc? + vo? = 2 X 107 (0.1 volt initial energy). 
If H = 10, 
V = 3.5 X 10° + 5 X 10° — 10° E.M.U. 
= 3.5 + .005 — 0.1 volts 


If H = 100 
. V = 350 + .05 — 0.1 volts, J 


while for the very fastest electrons, with initial energies of 2 volts 


‘ ( Vuo? + v6 = 8 X 10’). 


IfH= 10,V= 3.5 + .02 — 2 volts 

IfH = 100, V= 350+02-—2 ‘ 

If H = 1000, V = 35000 + 2-2 

It is seen that the term involving the first power of H is negligible 
under all conditions, so that Eq. 7 becomes 


—s I 
initial energy oot volt, 


sé 


initial energy 2 volts. 


i e3 2.1” 2 2 , 
V HR > ¢ (io? + 00"). (7’) 


The only correction due to initial velocities is the addition of the 
initial energy of emission, $m(uo? + v0?) to the work eV done by the 
electric field, as in all thermionic applications. This correction is 
negligible at reasonable voltages. Hence in all practical cases, for 
electrons moving from a straight filament to a concentric cylinder, 


— yz R 
V=HR | (8) 


8m Vit 
oe hk 9) 


V = potential difference between filament and cylinder. 

R = radius of cylindrical anode. 

H = magnetic field just sufficient to prevent electrons reaching anode. 

The value of H corresponding to the middle of the steep portion of the 
I — H curve (Figs. 7-10) can be accurately measured, so that Eq. 9 
may be used for the experimental determination of e/m. 

If e/m is taken as 1.77 X 10’ E.M.U. and V is expressed in volts, H 
and R in Gauss and cm. resp., Eqs. (8) and (9) become 

= .0221 H*R?, (8)’ 
l2 


H = 6.72 = ° (9) 


or 
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CAsE 2. Internal Anode.—Electrons start from an outer cylinder of 

radius Ry and move toward a concentric inner cylinder or wire of radius fro, 

small compared with Ro (Fig. 2). — , AL Sh f > 
Eq. 6 becomes in this case: 


) 2 
V = e (11. _ =~ 2) (10) 


or 


I 8 m 2mMvo 
PR te a 
H iN - yi + eRe (11) 


V = potential difference between outer 
and inner cylinders, reckoned posi- 
tive when the inner cylinder is 





positive. 

Ro = radius of outer cylinder. Fig. 2. 

H = magnetic field just sufficient to pre- Small anode in axis of cylindrical 
vent electrons reaching inner cylin- cathode. 
der. 


8 = ratio of radii of outer and inner cylinders. 
vo = tangential initial velocity of electrons. 
For electrons with very small tangential initial velocities this becomes: 


é 
= £2 — H{* 2 


This is the same as Eq. 8 for electrons starting from the filament, 
except for the factor 6*. The voltage against which the electrons can 
travel in the same magnetic field is 6? times greater than in case I; or, 
conversely, with the same potential difference between cathode and anode, 
the magnetic field required to prevent electrons reaching the anode is 
only 1/8 as great with internal anode as with internal cathode. This 
is found to be true experimentally (see Figs. 15-20). 

The effect of initial velocities is much greater in this case, however, 
than in the case of internal cathode, so that in practical cases only a very 
small fraction of the electrons have a sufficiently small initial velocity 
to obey Eq. 12. For the rest the critical magnetic field will depend on 
the initial velocity, and the curves representing current as a function of 
magnetic field will not be steep, as in the case of electrons starting from 
the filament, but will fall off slowly (see Figs. 15-20). 

The magnitude of the correction for initial velocities can best be illus- 
trated by an example. If the diameters of inner and outer cylinders are 
in the ratio 1:25, viz., 12 mils (ro = .o152 cm.) and 3/10 inches 


i 
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(R = 0.38 cm.) respectively, and the potential difference 50 volts, Eqs. 
7 and 11 give, for the cases of external anode and internal anode respec- 
tively, 








v 
A, mae V+ ; = (uo? + v0") 





= 17.7V50 + 2.82 X 107'6(u? + 02) (external anode), 


V8m/e 2m 
PE esta en l2 ee _ —7 i 
H: = 8 ye + pe S +3X 107 (internal anode.) 
The following table gives the values of H; and Hz for different values 


of vo (taking uo = 0). 




















- | Guten Anode). | quail “Anode). 

Cm./sec. | Volts. | Gauss. | Gauss. 
0 X10’.......... | 0. | 125 | 5.0 
.  asasenesan 028 . |! 125 + .035 5.0 + 3.0 
are | .112 125+ .141 | 5.0+6 
here ee: | .25 125+ .317 5.0+9 
Fb apioonaiies 45 125+ .563 | 5.0 + 12 
Ree erer eer .70 125+ .880 | 5.0 + 15 
Be cub saueens 1.01 125 + 1.27 | 5.0 + 18 
ee  sadenbeess 1.37 125 + 1.72 | 5.0 + 21 
7, ae 1.80 — 125 + 2.25 | 5.0 + 24 





ro = .0152 cm.; R = 0.38'cm.; 8 = 25, V = 50 volts. 


Case 3. Parallel Planes——The radii of both cylinders are large com- 
pared with their distance apart. 
This applies to electrons moving be- 
tween plane parallel plates, and includes 
the case of uniform electric and mag- 
netic fields at right angles to each other. 





Soutien 








Putting 
Fig. 3. 
r 
Plane parallel plates. r—fT =X; rd@ = dy; = 
° 0 
Eq. 6 becomes 
e Uo? 
ae — i es 
V. = 7 in + Huvox no am (13) 


where x is the maximum distance that an electron starting from the 
plane x = 0, with initial velocity uo and vo in the x and y directions 
respectively, can travel from this plane in a magnetic field H parallel to 
Z; and V is the potential at the point x. 











VoL. a 
No. 1. 
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With large values of H and x the effect of initial velocities is small, and 
(13) becomes 


e 
= 2 __ ’ 
V=H d? (14) 


where d is the distance between plates, V the potential difference between 
them, and H the critical magnetic field that is just sufficient to prevent 
the electrons reaching the anode plate. 

This value of V is 4 times greater than that against which electrons 
starting from a filament are able to travel the same distance in the same 
magnetic field (Eq. 8); or, for electrodes the same distance apart and 
at the same potential difference, only half as strong a magnetic field is 
required to turn electrons back in the case of parallel plates as is the 
case of filament and concentric cylindrical anode. 

The effect of initial velocities is much greater in the case of the parallel 
plates, however, than for the filament. For example, for plates 1 cm. 
apart and electrons with 2 volts initial energy (vp = 8 X 10”), Eq. (13) 
gives 

for H= 10,V= 88+ 8-2 


« IF = t00. V @ S80 4+ So — a 2 volt electrons 


while even for electrons of only 1/10 volt initial energy (vo = 2 X 107) 


for H = 10,V= 88+ 2-— 0.1 volts 


I 
“ H = 100, V = 880+20-0.1 “ na volt electrons. 


Hence, the curve representing current as a function of magnetic field 
will not be as steep in the case of plane parallel plates as in the case of 
filament and cylindrical anode. 

CasE 4. Positive ions are produced at a point r cm. from a straight 
filament where the potential is V with respect to the filament, with initial 
velocities uo and vo, and move toward the filament in a magnetic field H. 

Equations (10) and (11) apply, with 


where M is the molecular weight of the ion. The small value of e/m, 
as compared with that for electrons, more than offsets the factor 6”, 
so that a magnetic field which is capable of turning back electrons moving 
from a filament to concentric cylindrical anode will not be able to prevent 
the positive ions produced by these electrons from reaching the filament, 
except in the case of small diameter filament (large 8) and ions of low 
atomic weight. The relative effect, upon the value of critical magnetic 
field, of initial velocities and voltage respectively is the same as in the 
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case of electrons, for the same initial energy per unit charge. Hence the 
cutoff by a magnetic field of positive ions moving toward a filament will 
not be sharp except in the case of very strong magnetic and electric fields, 
and will be practically ineffective in the case of small diameter filaments 
and heavy ions. 

PATHS OF THE ELECTRONS. 


The phenomena discussed thus far are independent of the potential 
distribution in the tube. The complete determination of the paths of 
the electrons requires a knowledge of this potential distribution, which 
depends on the space charge of the electrons. Certain properties of the 
motion can be obtained, however, without this knowledge, and an 
approximate solution can be obtained on the assumption that the space 
charge distribution is the same as that which exists without the magnetic 
field. There is experimental evidence that this assumption is not far 
from the truth. 

The angular velocity of the electron is given by Eq. 4 above; 

d6 ref{vm He He 
ase a) *s (4) 

In the case of an electron starting from a filament of radius ro with 

initial velocity 


vor? 
oe 


the first term on the right hand side becomes negligible compared with 
the second as soon as the electron has travelled a small distance r equal 
to about 10 times the radius of the filament. From this point on its 
angular velocity is constant and equal to He/2m. In the usual case this 
distance is of the order of 1/2mm. For example, in the case of a 1 mil fil. 
(ro = .0012 cm.) and electrons with initial velocities of 2 X 10° cm./sec., 
if H = 200 gauss, 


Vo ° He . 
— = 1.7 X 10°; — = 1.8 X 10°; 10fo = .O12; 
To 2m 

the electron acquires 99 per cent. of its maximum angular velocity within 
1/10 mm. of the filament. Hence 


dé@ He r > .OI cm., 


ét "sit > > (15) 
ero 


that is, for electrons starting with small initial velocity from a 1 mil 
filament, except in the very small region within 1/10 mm. of the filament, 
that angular velocity of the electrons is constant and equal to He/2m. 
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If an electron starts with initial angular velocity v9/ro large compared 
with He/2m, this angular velocity will fall off rapidly at first, at a rate 
proportional to 1/r*, then less rapidly as it approaches the limiting value 
He/2m, and will not reach its limiting value in as short a distance as that 
given by Eq. (15). For example, in the case of the 1 mil filament and 
magnetic field of 200 gauss considered above, electrons with 1/10 volt 
initial energy (vo = 2 X 10’ cm./sec.) must travel 1 mm. before their 
angular velocity falls to within 1 per cent. of its constant value, and 
electrons with 2 volts initial energy (vo = 8 X 10’) must travel 4 mm. 
before their angular velocity is constant within I, per cent. 

From Eqs. 4 and 5 one obtains for the angle ¢ between the radius 
vector and the tangent to the path, neglecting initial velocities: 
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Since V is a function of r only, this has the same numerical value for an 
electron traveling in toward the axis as for one traveling out, hence 
. the electrons return in paths of exactly the same shape as those in which they 
go out. ‘This shows that the electrons, if they fail to reach the anode, do 
not continue circling around the cathode in approximately circular orbits 
forever (or until they strike gas molecules), but return periodically to 
the cathode. The total angle they describe before returning depends on 
the distribution of electric intensity as a function ofr. If the space charge 
distribution were the same as without magnetic field this angle would be 
270degrees. The actual space charge, which has recently been calculated 
by Langmuir,’ is slightly greater than without magnetic field and gives 
a total angle of 288.5 degrees. 

There are two special cases of intensity distribution that lead to very 
simple solutions of the path. The first represents the initial condition, 
before space charge has had time. to build up. The second represents 
very nearly the stationary condition. 

CasE 1. Space charge is negligible. 

The electric intensity is that due to the potential difference V between 


the cylinders, viz., 
V 





F, = 
r log | 


where R and fp are the radii of cylinder and filament respectively. If ro 


1 These calculations will be published soon by Dr. Langmuir. 
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is very small, the intensity is negligible except very close to the filament. 
The electron will therefore move with constant velocity, and its path 
will be a circle of radius 


m 
2—V 
e 
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This solution represents the initial condition, before the electrons 
which fail to reach the cylinder have had time to pile up in the space in 
appreciable quantity. The steady state, however small the emission, 
must be that of full spate charge. 

CAsE 2. Space Charge the Same as Without Magnetic Field —Consider 
‘ the case of electrons starting with zero initial velocities from a filament 
of very small diameter. The potential at any distance r from the axis 
is given by the equation! 
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where 14 is the maximum electron current per cm. length from the filament 
to a concentric cylinder of radius 7 at potential V. Equations (4) and 


(5) give 
dé \? s 
-,a= H—» 
dr\?2 2 , 2m 
(Yansy-f0 0 





from which, if ro = 0,? 
dé a 
dr V2e/m V — a?r? 








and substituting the value of V from (17) 
do _ a 
dr ¥W (ive/m)2/872/8 — g2y? 
Eq. (18) may be written, 
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1 Langmuir, Puys. REv., 2, 455, 1913. 

2 The assumption that ro = 0 leads to no mathematical discontinuities. The solution 
thus obtained (Eq. 19) will therefore represent the actual solution, viz., the solution for 
finite ro, to any desired degree of accuracy, if ro is taken sufficiently small. 
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The integral of this is 
o tt, f 
e- oat %- 
Substituting the values of a, 8 ard x, and determining the constant 69 
from the condition that 6 shall be zero when 7 is zero,! 


3 2 
= 3 sin=! (4/ ; —_— ) 
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—_— i 3/2 
r=6 Vig HH (sin ; 0) ’ (19) 





or 


substituting for ip its value from Eq. 17 in terms of the diameter R and 
potential Vo respectively of the outer cylinder, 


«-(m\34 yal 2 3/2 
r= 4 2(2) gorge (sin 50 ) _ 


If 7.x represents the maximum value of r in Eq. 20, that is the greatest 
radial distance the electron can travel in magnetic field H when the 
potential on the anode, of radius R, is Vo, Eq. (20) may be written 


2 3/2 
r= rau ( sin 20 ) ’ (21) 


45 m 3/4 p32 
=~? 2(™) R27. 


When r,,,, = R, 7.e., when the electrons can just reach the outer cyl- 


inder, this reduces to 
8m acl 
ra ee 


which is identical with Eq. (9). 


where 





Fig. 4. Fig. 5. 
Plot of approximate equation of path, r Exact path of electron (Langmuir’s solu. 
= R[sin?’? 63/3}, tion). 


1 See footnote 2, previous page. 
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The path given by Eq. 20 is shown 
in Fig.4. The exact path, as calculated 
by Langmuir, is shown in Fig. 5. For 
the purpose of comparison the two are 
plotted together in Fig.6. The differ- 
ence is inappreciable up to r = 9/10 
Tmax» 1-€., Eq. 21 represents the true 
path very closely except in the region 
near the maximum range. In this re- 
gion the radial velocity is less than that 


Fig. 6. given by Eq. 21, making the total angle 
Path of electron. Degree of ap- traversed per cycle greater, viz., 288.5 
proximation represented by Eq. 21. = degrees instead of 270 degrees. 


A, approximate path, Eq. 21; B, 
exact path (Langmuir). 

EXPERIMENTS. 

The experimental work was done in coéperation with Mr. E. F. Hen- 
nelly. More than 1,000 tubes have been studied, of various shapes and 
sizes, all conforming as closely as possible to the symmetry conditions 
postulated above. The following examples are typical: 

A. Internal Cathode. Straight Filament in Axis of Cylinder. General 
Characteristics—The diameter of the filament is always small compared 
with that of the anode, so that r,?/R? is negligible compared with unity. 
Hence, the relation between critical magnetic field, voltage, and anode 
radius is that given by equation (9): 


8m Viz 
ae 9) 


H is the value of the magnetic field that is just sufficient to prevent 
electrons from reaching an anode of radius R at potential V with respect 
to filament. If Vis kept constant and H gradually increased, the current 
should remain constant until H reaches the critical value given by equa- 
tion (9), and should then fall abruptly to zero. 

Figure 7, for which I am indebted to Dr. K. H: Kingdon, shows a 
typical example. The tube contained a straight tungsten filament .o12 
cm. in diameter, about 1 mm. from the axis of an anode 3.86 cm. in 
diameter, 12 cm. long. A rotating commutator applied voltage and 
heating current alternately, so that measurements were made while the 
filament was an equipotential surface. The potential difference between 
cathode and anode was 50 volts, and the filament temperature high 
enough so that the current was limited only by space charge. 

It is seen that the current maintains nearly its full space charge value 
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until the critical magnetic field is reached, and then falls very abruptly. 
The steepness is as great as to be expected from the degree of symmetry, 
i.e., with filament I mm. out of center. The effect of high initial veloci- 
‘ties is observable near the bottom of the curve. 





a mss 
Fig. 7. 
Typical Gauss-Ampere characteristic at 50 volts. 


The theoretical ‘‘cut off’’ field is shown by the dotted curve, as calcu- 
lated from Eq. 11, viz., 


H = 6.72 i «2 6G 
= 6.7 1.93 4.56 Gauss. 


Effect of Heating Current through Filament.—The characteristic of Fig. 
7 was taken with a rotating commutator, adjusted to cut off the heating 
current during the brief intervals when measurements were being made. 
If measurements are made while the heating current is flowing, the curves 
are less steep, due to the voltage drop along the filament. This effect is 
more marked at low than at high anode voltages. Most of the data 
which follows was taken with filament current flowing. 

No effect due to the magnetic field of the heating current has been 
observed. 
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Effect of Anode Voltage-—Fig. 8 shows the characteristic of a tube with 
anode 3/4 in. diameter X 1} in. long and cathode 4 mils diameter, at 
three different anode potentials, viz., 10.2, 21.7, and 57 volts. These 
measurements were taken by Dr. K. H. Kingdon with rotating com- 
mutators. 





amperes ~ maid éeel (/amp- 204 vy) 
Fig. 8. 
Characteristic of 34 inch dia. anode, at different potentials. 


Fig. 9 shows the J — H characteristic of a tube with 1 in. X 4 in. 
anode and Io mil cathode at four different anode voltages, 60, 125, 200, 
and 250 volts. The potential drop in the filament was 10 volts, and 
- anode potentials were measured from the negative end of the filament. 
Hence in the 60-volt test, one end of the filament was at 50 volts with 
respect to the anode, and the other at 60. 

It will be observed that the maximum currents in Figs. 8 and 9 are in 
the ratio of the 3/2 power of the voltage, and the critical magnetic fields 
are in the ratio of the 1/2 power of the voltage. 
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Figs. 10 and 11 show the lower portions of curves taken at higher poten- 
tials. The anode of Fig. 10 was 2 in. diam. X 2 in. long, that of Fig. 11 
was I in. diam. X 4 in. long. The upper portions of these curves could 
not be obtained because of the excessive heating of the anode. The full 
current at 9,000 volts would have been 100 amps. Its reduction to 35 
milliamperes was due solely to the magnetic field. 





Fig. 9. 


Characteristic of 1 inch dia. anode, at different potentials. 


Effect of Filament Temperature.—Fig. 12 shows the characteristics of a 
tube of the same construction as that of Fig. 9, at three different filament 
temperatures. The potential difference was 250 volts. The steep 
portions of the curves are identical. There is a slight transition region 
between the horizontal and vertical portion of each curve. In the upper 
curve the current is limited by space charge, in the other two by filament 
temperature. 

Effect of Diameter of Anode.—Fig. 13 shows the characteristics, at 250 
volts, of 4 tubes of different diameters, from 2 inches to 3/8 inch. In 
order to bring them within the limits of the same plot, the currents in 
the smaller tubes have been limited by filament temperature to the same 
maximum value as for the largest diameter. The critical magnetic fields 
are proportional to the diameters within the limits of accuracy with 
which these diameters were known. 
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Effect of Symmetry—Symmetry, both of electric and magnetic field, is 
essential for sharp cut-off. A numerical estimate of the effect of asym- 
metry is difficult, but an example will illustrate it. Fig. 14 shows two 
characteristics taken with the same tube. In curve A the filament was 
parallel to the magnetic field; in curve B the magnetic field was in- 
clined 20 degrees to the filament. 





“oe 


Gauss— 


Fig. 10. 
Characteristic of 2 inch dia. anode, at different potentials. 


The effect of,small pieces of iron in the magnetic field is very striking. 
With the magnetic field adjusted to the critical value, the point of a pen 
brought near the tube is sufficient to reduce the current to half value. 

Effect of Gas —The equations for cut-off are independent of potential 
distribution in the tube. The cut-off should not be affected, therefore, 
by the presence of positive ions, even in sufficient numbers to completely 
neutralize the space charge of the electrons, provided the mean free path 
is large compared with the dimensions of the tube. Hence with low gas 
pressure one should observe currents which are not limited by space 
charge, but are completely controllable by a magnetic field. At higher 
gas pressures the magnetic field becomes less and less effective, due to 
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the fact that every electron which collides with a molecule will suffer a 
change, in direction at least, of its velocity, and a large fraction of these 
velocity changes will be in such direction as to require a stronger field 
to keep the electrons from the anode. It is probable, also, that the impact 
of positive ions on the cathode gives rise to the emission of electrons of 
relatively high initial velocity, some of which, according to Eq. 7, 
require a stronger field to turn them back. 





Gauss 


Fig. 11. 


Characteristic of 1 inch dia. anode, at high potentials. 


Figure 15 shows the typical behavior of tubes containing small amounts 
of gas. Curve A is the Gauss-ampere characteristic in good vacuum. 
The maximum current is limited by space charge, which increases slightly, 
with corresponding decrease in current, as the critical magnetic field is 
approached. The steepness of cut-off is limited mainly by symmetry 
and potential drop along the filament. Curve B shows the effect of a 
few hundredths of a barof gas. The space charge of electrons is partially 
neutralized by positive ions so that the maximum current is slightly 
larger, especially in the neighborhood of critical magnetic field, where the 
paths of the electrons are longer and the ionization greater. The cut-off 
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Fig. 12. 


Characteristic of 1 inch dia. anode, at 250 volts, at different filament temperatures. 
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Fig. 13. 


Characteristics of different anodes, at 250 volts. 
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is not appreciably affected. Curve C shows the effect of a larger amount 
of gas, of the order of I bar. The maximum current is very large, but the 
critical magnetic field is only slightly greater than for good vacuum. 
The curve has a long tail, however, representing the electrons which have 
collided or have abnormal initial velocities, and hence require a field 
much stronger than the critical value to keep them from the anode. At 
higher pressures, of the order of 10-20 bars, the magnetic cut-off is 
much less steep (Curve D) and a considerable fraction of the electrons 
‘ are entirely uncontrollable by the magnetic field. At still higher pres- 
sures magnetic fields of this order of magnitude are practically ineffective. 





450 2.2 as 
te amp» 66 gounss) 
Fig. 14. 
Effect of lack of symmetry. Magnetic field not parallel to axis. 


B. Internal Anode. Straight Rod in Axis of Helical Filament. General 
Characteristics Equations (10) and (11) apply. The effect of initial 
velocities of the electrons is large, except in strong magnetic fields. 
Hence the curves representing current to the central anode as a function 
of magnetic field, at constant anode potential, will not be as steep as in 
the first case. On the other hand, the magnetic field required to produce 
a marked change in current is very much smaller than in the first case, 
so that the earth’s magnetic field produces an easily measurable effect, 
and the field of the current which heats the filament practically prevents 
any electrons reaching the anode at potentials less than about 100 volts. 

A typical example is shown in Fig. 16.1 The cathode was a helical 


1 For this and the following curves I am indebred to Mr. C. G. Found. 
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coil 0.63 cm. in diameter, 1.7 cm. long, consisting of 10 turns of 10 mil 
tungsten wire. The anode was a 10 mil wire in the axis of the helix. 
A rotating commutator applied heating current and voltage alternately, 
so that the measurements were taken when no current was flowing 
through the filament. The measurements were taken with the tube 
vertical, and the earth’s magnetic field was not compensated. The 
abscissas are the values of the impressed magnetic field. It will be noted 
that the curve is symmetrical, not about the axis of ordinates, but about 
the ordinate H = 0.6 approximately, the vertical component of the earth’s * 
magnetic field. 





H—-— 


Fig. 15. 


Effect of gas pressure upon magnetic cutoff. 


The value of magnetic field just sufficient to prevent electrons of zero 
tangential initial velocity from reaching the anode, according to Eq. 12, 
is shown at Ho. It is seen that about half of the electrons, viz., those 
whose initial velocities are in the same direction as the magnetic deflec- 
tion, are kept from the anode by a field less than Hp. The remainder, 
whose initial velocities are in the opposite direction to the deflection 
produced by the magnetic field, require a field greater than Hp. 
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It is possible to calculate the exact current to be expected at each value 
of magnetic field, assuming the tangential initial velocities to be dis- 
tributed according to Maxwell’s law.' The magnetic field just sufficient 
to keep back electrons with initial velocities less than vo’ or greater than 
vo’ is given by Equation (11), viz., 


H=+ 5 fy 5 (11) 





Fig. 16. 


Typical internal anode characteristic at 110 volts. ©, experimental points (solid curve). 
X, theoretical points (broken curve). 


vo’ and v9” correspond to the plus and minus sign of the radical respec- 
tively. In the present case, with 8 = 25, Ro = .38 cm. and V = 110 
volts, this becomes 


H = +7.5 + 3vo. 


The values of H required for different values of vp are given in Table II. 
All electrons with initial velocities between any pair of values v9’ and v9"’ 


1 Richardson and Cooke, Phil. Mag., 16, 353, 1908, 
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will not be deflected from the anode by the corresponding H, i.e., will 
reach the anode. This number, which represents the relative current to 
the anode for each value of H, is given by Maxwell’s distribution law as 


%"’ %'’ m mm . “S 
in= [ slosdee =f eS eT dvy+ (22) 


where m = mass of electron = 9.01 X 107%, 
R,= gas constant for 1 molecule = 1.372 X 107" ergs/degree, 
T = absolute temperature = 2,200 degrees, 
Vo = initial (tangential) velocity of electron in cm./sec. 


The values of iy given by equation (22) are tabulated in column 4 of 
Table II. These values are percentages of the total number of electrons 
emitted by the filament. It is seen that only 83 per cent. of the electrons 
emitted reach the anode even without magnetic field. For comparison 
with the observed currents the values in column 4, multiplied by 3.44 
to reduce them to the same scale, are tabulated in column 5, and plotted 
as crosses in Fig. 16. The agreement is remarkably good considering 
the degree of symmetry of the apparatus. With more perfectly con- 
structed apparatus it should be possible to test accurately the law of 
distribution of initial velocities of the emitted electrons. 








TABLE II. 
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| Critical Mag- im Of Emitte 
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nitial Velocity of Electrons. , can ie on. ties dl a and Reaching Anode. 
} } Vo’ . | 
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Magnetic Field of Heating Current.—Fig. 17 shows the effect of the 
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magnetic field of the heating current in the filament. The measurements 
were taken with a tube having the same cathode as that of Fig. 16, viz. 
a helix of .63 cm. diam. but with a 40 mil (1 mm.) anode. Curve A is 
taken with rotating commutator, that is the measurements were made 
while no heating current was flowing. Curve B was taken with D.C. 
heating current of 6.1 amperes. 






40 “¢ 
Amperes in Coil [7 amps 32 geuss] 


2048 /6M/2 108 EB 4B 2 


Fig. 17. 


Internal anode. Effect of magnetic field of heating current in filament. 


The magnetic field of the heating current reduced the electron current 
to 13 per cent. of its value with no magnetic field. The two curves are 
similar except that one is displaced to the left by 48 gauss, which is the 
approximate value of the field produced by the heating current of 6.1 
amperes through a coil of 6 turns per cm. (10 turns in 1.7 cm.). 

Effect of Voltage.—Figs. 18 and 19 show the variation of current with 
magnetic field for the same tube at different anode potentials. The 
tube is the same as of Fig. 17, viz., cathode .63 cm. diameter, 1.7 cm. 
long, anode I mm. diameter. 

In Fig. 18 the currents are all plotted to the same scale, showing the 
relative magnitudes, and the relative variations in milliamperes with 
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Fig. 18. 


Characteristic of 1 mm. internal anode at different potentials. 





Fig. 19. 


Characteristic of 1 mm. internal anode at different potentials. 
fractions of maximum at each voltage. 


Currents expressed as 
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magnetic field. The maximum currents at the different voltages are 
proportional to the 3/2 power of the voltages. 





~e 606 -<¢6 -4 -2 ° 2 4 6 40 
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Fig. 20. 


Different internal anodes at same potential (110 volts). 


In Fig. 19 the maximum at each voltage is taken as unity, in order to 
show the relative percentage variation with magnetic field. It is seen 
that the field required to produce the same percentage decrease is larger 
the higher the voltage. At lower voltages, the variation is less rapid 
than the square root of the voltage, since the initial velocity term in 
equation 11 predominates. At the highest voltage the curve has a 
fairly flat top, showing smaller relative effect of initial velocities, and 
approaching the steep cutoff of internal cathode tubes. 

Effect of Anode Diameter.—Figures 20, 21, and 22 show the character- 
istics of three similar tubes with different anode diameters. The cathodes 
of the three tubes were the same, viz., 10 turns of 10 mil tungsten wire 
wound in a helix 0.63 cm. in diam. 1.7 cm. long. The anodes were 0.25 
mm., 0.50 mm., and I.0 mm. diam. respectively. 

Figure 20 shows the actual currents in the three tubes at the same 
anode voltage, plotted to the same scale. The difference in the maxima 
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is due partly to space charge, but mostly to initial velocities, since by Eq. 
(10) only part of the electrons emitted can reach the anode even in the 
absence of magnetic field, viz., those whose initial energy of tangential 
motion, expressed in equivalent volts, is less than V/8. (V is the potential 
difference between anode and cathode, and £ the ratio of cathode diameter 
to anode diameter.) Thus, the fraction that can reach the anode falls 
off very rapidly with increasing 8, that is, with smaller anode diameter. 





Fig. 21. 


Different internal anodes at same potential (110 volts). Currents expressed as fractions of 
maximum for each anode. 


In Fig. 21, the same curves are reproduced on different scales, the 
maximum of each being taken as unity. It will be noted that the smaller 
anode diameter gives the greater percentage decrease of current with 
magnetic field, and that weaker fields are required for smaller anode 
diameter, as predicted by Eq. 11. 

Fig. 22 shows the characteristic of the same three tubes at different 
voltages, so chosen that the maximum space-charge limited current was 
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Fig. 22. 


Comparison of different internal anodes at different potentials, so chosen as to give same 
maximum current for each. 


the same for each. It is seen that even at the higher voltage required 
for equal current, the smaller anode is the more susceptible to magnetic 


field. 
CONCLUSION. 


The agreement between theory and experiment is well within the limits 
prescribed by the degree of symmetry of the apparatus. Experiments 
with more perfect apparatus are in progress by Dr. K. H. Kingdon, which, 
it is hoped, will show the limitations of the theory, and bring to light any 
new facts not hitherto taken account of. 

Several useful applications have been investigated, which will be 
discussed elsewhere. 

The above solution assumes constant e/m, and therefore applies only to 
potential differences of the order of 50,000 volts or less. Dr. Leigh 
Page has very kindly worked out the solution for the case of variable e/m, 
which is presented in the following paper. 


RESEARCH LABORATORY, GENERAL ELECTRIC Co., 
SCHENECTADY, N. Y., 
March 3, 1921. 
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THEORY OF THE MOTION OF ELECTRONS BETWEEN CO- 
AXIAL CYLINDERS TAKING INTO ACCOUNT THE 
VARIATION OF MASS WITH VELOCITY. 


By LEIGH PAGE. 


SYNOPSIS. 


Theory of the Motion of Electrons between Coaxial Cylinders, the Electric Field 
being Radial, the Magnetic Longitudinal.—If in Hull's coaxial cylinder method of 
measuring e/m, large potential differences are used, it is necessary to take account 
of the variation of mass with velocity. Putting the expressions for transverse and 
longitudinal mass into the equations of motion and integrating we get: ¢0/mo 
= 892c2?R?V/(N? — 4x?R?V2), which depends only on the larger radius R, the total 
magnetic flux N, and the total potential drop V, and is not affected by space charge. 
Because the longitudinal mass is involved, this equation provides a method of experi- 

* mentally verifying the theoretical expression for longitudinal mass. 


N the preceding paper Dr. A. W. Hull has described a new method of 
measuring the ratio of charge to mass of the electron. If the 
difference of potential between the coaxial cylinders is sufficiently great, 
the electrons will acquire a velocity in the course of their motion com- 
parable to that of light. Hence the variation of mass with velocity must 
be taken into account. The following is a rigorous solution of the problem 
insofar as concerns the term in the kinetic reaction of the electron which 
involves its mass, although the radiation reaction, and in fact all terms 
involving derivatives of the acceleration,’ are neglected. The problem 
is interesting in that the solution involves both transverse and longi- 
tudinal masses. The theoretical expression for the transverse mass has 
been abundantly verified by Bucherer,? Neumann® and others, but so 
far as the author is aware, no experimental confirmation of the formula 
for the longitudinal mass has yet been obtained other than the rather 
indirect confirmation involved in Sommerfeld’s‘ theory of the fine struc- 
ture of spectral lines. Therefore experimental verification of the results 
of the theory to be presented would constitute a valuable confirmation 
of the theoretical formula for longitudinal mass. Furthermore the experi- 
mental data would provide a test between the symmetric electron here 
assumed (such as the Lorentz electron) and the asymmetric electron 
(such as that proposed by Parsons). 


1 See L. Page, Puys. REV., 11, p. 376, 1918. 
2 Phys. Zeit., 9, p. 755, 1908. 

3 Ann. d. Phys., 45, p. 529, 1914. 

4Atombau und Spektrallinien, Chap. 5, 1921. 
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Let 
F, = component of force along radius vector, 
Fi = ‘* “perpendicular to radius vector, 
f, = " “* acceleration along radius vector, 
fh = ” perpendicular to radius vector, 
v , , : 
B = ~ = ratio of velocity of electron to that of light, 
my = rest mass of electron (a constant), 
€é) = charge on electron, 
a = radius of inner cylinder or wire, 
R = sé sé outer sc : 
E = electric field (radial), 
H = magnetic field (axial), 
V = difference between the potentials of the two cylinders, 


N = magnetic flux through the part of the cross-section intercepted 
between the wire and outer cylinder. 
, Then, parallel to the path of the electron under consideration 





Fr + F,r6 = (1 — (fir + fer], 
and perpendicular to the path 
F,r6 — Fyr = a-s in [f.r6 — fer], 


where, expressed in Heaviside-Lorentz rational units, 


F, = e| e+ 2H], 


and 
T 
F, = =~ eo-H 
c 
Put 
c= 2 
mo 
h= Sw. 
Mo 
Then the equations of motion are 
ok ré 
*#—r@ =v — #? 1-5 ‘><7 (1) 


Th) = — rel! bie 1. (2) 
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from which is easily obtained the energy equation 
548) = (1 — 6)" Sar (3) 
2 ne 3 
The integral of (3) is 


Fog ti if ear (4) 


Substituting the value of V1 — 6? from (4) into (2) this equation of 
motion becomes 





hr , ord 
2 
a") =,- —.— &, (2') 
I+ 2. J e dr 
of which the solution is 
a hrdr 
r= — Pn a ——- 2 
I += edr 
c a 
Now 
, . 
a~ Pe 


I “ 2 
+25 f hr ar | 
= _ =. 
E +3f cdr | 
c a 


The critical condition is that for which 7 = o whenr = R. But 





R 
hrdr =— a : 
Je Mo 27 
Therefore 
eo 822c?V 
sa 5 — any (5) 


whereas if no account is taken of the variation of mass with velocity, 
(t.e., if 8 is very small compared to unity), 


lo 8220? V 
Mo v N? ‘ (6) 
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It may be noted that the expression for the ratio of charge to mass 
involves only the total potential drop and total magnetic flux. So 
long as the electric field is radial, and the magnetic field has radial 
symmetry about the axis, it is immaterial what functions of r these fields 
may be. Hence the effect of space charge is completely eliminated. 
In electromagnetic units the expression (5) for the ratio of charge to 
mass becomes 
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THE TRANSMISSION OF WAVES THROUGH A SYMMETRIC 
OPTICAL INSTRUMENT:|! 


By Irwin ROMAN. 


SYNOPSIS. 


Gaussian Parameter Method of Studying the Transmission of a Wave Surface 
through a Centered System of Symmetric Lenses.—Since for each point of an incident 
wave surface there is a corresponding point on the refracting surface, the parameter 
8 of the refracting surface may be expressed in terms of the parameter a@ of the wave 
surface, thus allowing the elimination of the parameter 8. After expressing all 
quantities in terms of a, certain invariant combinations are found among the 
coefficients of the wave and lens surfaces, these furnishing the determination of the 
refracted surface. This gives a point by point correspondence between all surfaces 
of the system. As an application, the focal distance and longitudinal aberration 
are calculated and a numerical case given. The method is applicable to aspherical 
surfaces as simply as to spherical ones, and it is hoped that many problems in 
practical optics may be simplified by the present method, combined with proper 
choices of the parameter. 


Part I. INTRODUCTION. 


HE literature on the aberrations in an optical system contains a 
number of different methods of attack on the problems involved. 
Nearly all of these may be grouped into two classes, according as the chief 
emphasis is placed on the wave surface or the ray congruence. As a 
combination of the two points of view may be mentioned the methods 
using the characteristic function of Hamilton, which, in the hands of 
Bruns? and of Schwarzschild,* have yielded some valuable results. The 
characteristic function is essentially a relation between the codrdinates 
of the points at the opposite ends of a particular ray segment, the results 
being studied without expressly finding the coérdinates of one end in 
terms of those of the other end. The method is an implicit function 
method, and leads to fairly complicated analyses. 

It was pointed out by Gulistrand‘ that the aberrations of an optical 
system could be studied more simply from the point of view of the wave 
surface than from that of the ray. He selected the equation of a par- 
ticular wave in the form s = f(x, y). So far as the present writer has 
been able to learn, Gullstrand has made no attempt to study the trans- 

1 Presented to The University of Chicago, in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. 

? Abh. d. math.-phys. KI. d. Kgl. Sachs. Ges., Bd. 21, s325 (1895). 


3 Abh. d. Kgl. Ges. d. Wiss. zu Gottingen, math.-phys. K]. Neue Folge, IV (1905-1906). 
#Ann. d. Phys. (4), Bd. 18, S. 941-973; also K. Svenska Vetenskapsakad. Handl., 41. 


No. 3 (1906-7). 
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formation of a wave surface, but restricts himself to the analysis of a 
particular surface, the aberrations being referred to that surface. 

The purpose of the present investigation has been to replace the 
rectangular representation of the surface by a representation in terms 
of two Gaussian parameters such as are used in differential geometry. 
Let us consider a particular wave of a family incident on the surface of 
separation between two homogeneous and isotropic media. Suppose 
that the initial wave and the lens surface are determined in terms of 
separate parameters. At each regular point of the wave surface there is 
a unique normal, commonly called the ray. This ray, if effective in 
image formation, must pass through the lens surface, and the point of 
‘ntersection determines a correspondence between the two sets of 
parameters. By means of this correspondence, either set of parameters 
may be expressed in terms of the other set, thus allowing the elimination 
of all but asingle set. The use of this single set of parameters throughout 
the system, makes it possible to determine corresponding points on al! 
surfaces of the system, since all points on a particular ray are given by 
the same values of the parameters throughout the entire system. It 
should be noted, however, that if the parameters have a simple geometric 
significance for one surface, they will, usually, not have a simple signifi- 
cance for another surface. Having determined the various parameters 
in terms of a common parameter, we may proceed to the study of corre- 
sponding surfaces and to the study of the transformation of the surface 
as the wave is transmitted through the system. Knowing the initial 
and the’ final wave of the system, we may proceed to the study of the 
aberrations in accordance with any desired classification or analysis. 

Besides the advantage of directness in the method, there are several 
other advantages. Since we have a single set of parameters, we have a 
definite interpretation for the ‘‘order’’ of a quantity. While a few 
attempts have been made to retain powers of small quantities beyond 
the second, such terms are usually neglected, probably because of the 
complexity involved in their retention, and possibly also because there 
is usually a certain vagueness in the analysis. While a quantity may be 
of one order in terms of one parameter, it may be of a different order in 
terms of another parameter. A second advantage lies in the facility 
with which questions involving aspherical surfaces may be treated. In 
the usual treatments, the surfaces are assumed to be spheres or to depart 
only slightly from spheres. 

In the preceding paragraphs, the method has been sketched for a 
general system. Because of the complexity which arises in carrying out 
the method, the investigation in this paper has been restricted to the 
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case in which all the surfaces are symmetrical with respect to a common 
axis of revolution. This allows the selection of one of the two Gaussian 
parameters as the azimuth around the common axis, reducing the 
problem to a plane problem. Besides assuming that each surface is a 
surface of revolution around a common axis, we shall assume that each 
surface and its representation is non-singular in the portions to be studied. 
This means that for the axis and for a certain region around the axis, 
there shall be no singular points of the surface or in its representation. 
The parameters will be selected so as to reduce to zero for the axial point. 
This choice of parameters is a restriction of small importance, since 
practically all discussions of the symmetrical system are made in terms 
of the optical height or of the paraxial angle. The restrictions here 
imposed still allow a considerable freedom in the choice of parameters 
to suit particular needs. 

In following out the methods here discussed, we shall use power series 
expansion in the parameter selected, retaining all terms by means of 
recursion formulas. Except for the application to the first four orders, 
no attempt will be made to reduce these to explicit forms. The complex- 
ity increases rapidly with the order of the term, and in numerical 
calculations, the recursion formulas may. even be more convenient than 
the explicit forms. 

The method also makes use of invariants of two classes, parametric 
and optical. A parametric invariant is a quantity whose value is inde- 
pendent of the choice of parameter. An optical invariant is a quantity 
whose value is independent of which particular wave of the family is 
selected. The parametric invariants are geometric and are incidental 
rather than fundamental in the optical problem. The optical invariants, 
however, are fundamental, as they furnish the new surface in terms of the 
old surface and the interface. Unless specified to the contrary, we shall 
understand the single word “invariant” to refer to optical invariant. 

In order to avoid possible confusion, we shall define several terms ordi- 
narily used with varying meanings. By a refraction, we shall understand 
the transformation from a wave surface in one medium to that in the 
other, the two surfaces coinciding with the interface at the axis. By a 
propagation, we shall understand a transformation from one wave 
surface to another in the same medium. By a transmission, we shall 
understand a refraction between two propagations. Thus a trans- 
mission carries an arbitrary wave surface in one medium to a wave surface 
in the other medium at an arbitrary distance. When convenient, and 
where no confusion is likely to arise, the term transmission may be used 
for any combination of propagations and refractions, or either alone. 
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Part II. THE CORRESPONDENCE OF PARAMETERS.*[ 


As was pointed out in the introduction, there corresponds to each 
point on the initial wave a point on the lens surface uniquely determined 
as the point where a normal to the wave at the point in question cuts the 
lens surface. Since the system is one of revolution about a single axis; 
we may select that axis as the x-axis, and study the system by means of 
a typical meridian plane, which we may take as z = 0. Then the y-axis 
will be in the plane under consideration and normal to the axis of revolu- 
tion. The symmetry assumed may be expressed in the equations of the 
wave surface by: 


x= > Asia! y= > Boiz102*t, (1) 
i=0 i=0 


The assumption that the representation is regular at the axis is equivalent 
to the condition B,; ~ 0. The other coefficients may be assumed to be 
all finite. Thus, y = 0 fora =o. Likewise, we may assume the lens; 
surface to be given by 


aie p> CoiB", n= Do Dain 64, (2) 


i=0 


where D, + 0 and all the coefficients are finite. 


@ _Aus 
| “= 


Fig "1. 





Let the normal to the lens surface make an angle y with the x-axis, 
measured as shown in the figure, positive angles being counterclockwise, 
as usual. Let the ray make an angle @ with the x-axis and an angle p with 
the lens surface normal. Then, since the ray is normal to the wave, it 
follows that 


_ _d& /dy _ _ 4% /dn 
tang = — = /2 tan y = dp/ dB’ (3) 


If the point (£, 7) of the lens surface corresponds to the point (x, y) of 
the wave surface, then it follows that 
dx Jay 


(n — y)/(E — x) = tan@ = ~ dal da 
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or 
d d 
(1-5 +(E-F =0. (4) 


Equation (4) represents the correspondence between a and 8 and enables 
us to determine E; where 


B= 2. Eval. (5) 
From equation (1), we have 
= Do (24 + 2)Asizen***, 
da i=0 
4 " : (6) 


- = - (27 + 1) Bajs10**. 


t=0 
For a = 0, y = dx/da = 0 and dy/da = B, ¥ 0, so that equation (4) 
requires that 7 = o for a = oor that the solution we want is the one for 
which Ey = 0, giving 
B= 2 Eqn. (7) 
To express ~ and 7 in terms of a, we need the various powers of 8 in 
terms of a. For this purpose, let 
BY = 2) Tait, (8) 
j=0 
Inspection of equations (7) and (8) shows that J} has the following 
defining properties: 

(a) Jj is the sum of terms each involving k of the E;, one from each 
of the factors B. 

(6b) Since the order, or subscript, of each E; denotes the power of a 
that it accompanies from 8, the sum of the subscripts in each term of 
TF is (j +k). 

(c) The numerical coefficient of each term in Jj is the number of 
-distinct permutations possible among the subscripts of that term. If 


E; occurs n; times in a particular term, this number is 
k! 
————— where n, =k and inj=jrt+k. 
T,(n;!) ~ Ling= jt 


Hence, we have 





k! : | 
Tit = Lay LE, (9) 


where Ln =k and ) in; = j + k while 2, extends over all possible 


‘partitions of (j + k) things into k parts. 
In particular, J;* has the following useful properties: 
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(A) The highest order E; among all the terms of J;* is in E,*—E;,;. 
(B) If 7 is odd, each term of J;* must have at least one E; of even 
order. This follows from the fact that if each E; were of odd order, the 
sum would be even or odd with k, while (j + ) is the opposite. 
(C) I, = I, I? =0O for j > Oo, I} = Ej+1. 
Inserting equations (8) in equations (2), we get 
t= , CoiT Piatti, "= > Doig] PiHa2tiH1, (10) 
i,j=0 i,j=0 


By means of equations (1), (6) and (10), equation (4) becomes 








( CoTP*(2k + 2)Acgpga®itit2eH 
y — (2] + 2)Asj42A gia*t2i41 
ai + Doig: T2(2k + 1)Bopyratitieet r=0. (II) 
L — (27 + 1)Boj4:Boipi? J 


The coefficient of a®” is 


m—1 m—k-—1 


iu > [(2k + 2)AongeCoiTom—24—2i—1 
+ (2k + 1)Bory:Deig:Tont'2x-2i-1] = 0. (12) 
Since j = 2m — 2k — 2% — 1 is odd, each term in equation (12) contains 
an E; of even order. Since I$m_; = 0, the highest order E; occurs for 
k =i=0 and is Eom, the term being B,D,Ibm-; = BiDi:Eom. Hence 
by (12), Esm is the sum of terms each of which involves a factor E; of 
even order below 2m. In particular, for m = 1, we have, by equation 
(12),k =1=0s0 
2A2Col 1° + B,D,L} = B,D,E. = 0. (13) 


Since B, and D, were selected different from zero, it follows that Ez, = o. 
Further, we have 

Eom = 0 and j41 = 0. (14) 
As a consequence of equations (14), we may write equations (8) and (9) 
as follows: 


oe 
B* = >> It ,a2it*, where 


j=0 
k! 
I2;* = Day LL tH 
dn: = k, r (IS) 
i 


do (2i + 1)n; = k + 23 
i 





and where > extends over all partitions of (k + 27) into k parts. 
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By means of equations (14), equation (11) becomes 





( (2k + 2) Acns2Coilo;** 
> ; + tail T)BargsDaig laf rar eee | 0. (16) 
> — [(27 + 2)Ax:Aoj+2 
+ (27 + 1)Boi4:Bojyija? : 





The coefficient of a?"*+! is 


m m—k 


> D> [(2k + 2)A on42Coilam—2i—2i 
+ (2k + 1)Bory:DoiyiTtm-2r-2i] b=. (17) 





- ps [(24 + 2)A2ix2A om—2i + (27 + 1)Boi41Bom-2i41' 


i=0 
Since 


m m—k m m—k 


Te i,k) = oe) + > oi, 0) +d el 8) 


k=0 i=0 


equation (17) becomes 


f [2A2Colom? + B,D, Im] } 


+ ~ [2A Coli + BiDoig Tor i] 


i=1 
m n—s 
7 + Dd [(2k + 2)Acnr2CoiTin—2n—2i >=0. (18) 


k=1 i=0 


+ (2k + 1)Bory:Doig: Toate x—2i] 








- p> [(2¢ + 2)A2i42A om—2i + (24 + 1)Boi41Bom—si+1] 


. 


Since Iam! = Eom41, this gives the recursion formula: 


ad ) 
> [(2t + 2)A2i42A om—2i + (24 + 1)Boiy1Bom—2i+1] 


1 | — 2A2Colam? — Qo [2A 2CoiTin—si 
E ee Smem a _ I 
mee B,D, etek + By Doings] tm 2:] (19) 


= pm > [(2k + 2)Acny2Coil2m—2n—2: 


k=1 i=0 


+ (2k + 1)BoryiDoig Tom 2n-2i] 








Equation (19) furnishes Eom41, after which equations (15) furnish J2;* 
so that substitution in equation (10) gives: 
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g= Do Pama Fon = 2, Coil 25 
a where - . (20) 
7 = » Gom4102™41 Gom+1 = »» Doig Tomi 


While equations (20) give the value of Gem41, it may be expressed in a 
more convenient form as follows. By equations (1), (4), (6), and (20), 
we have 


2 (i + 1)(Bojz1 — Goj41)Baig: + (20 + 2)(Aoj; — Foj)Arize]a**? 
J= 


=o. (21) 
The coefficient of a?"*! is 


Ll(em — 27 + 1)(Bojs1 — Goj41)Bom—2j41 
+ (2m — 2j + 2)(A2; — Fej)Aom-2j42] = 0. (22) 


™m m—1 
Since 7 ¢(j) = o(m) + p ¢(j), we have from equation (22) 
j=0 j=0 
m—1 


Goms1 = Bom +5 > (2m — 2] + 1)(Bojs1 — Goj41)Bom—2j41 
- (23) 
I 
+72 (2m — 2] + 2)(A2; — Fe;)A2m—2j+2 
1j=0 

We have thus expressed in 8 terms of a, and are able to eliminate the 
parameter 8 from the problem, expressing everything in terms of the 
parameter a. We have also found explicit values for the codrdinates of 
each point of the lens surface in terms of the value of the parameter 
specifying the corresponding point on the incident wave surface. Since 
the coefficients Fon and Gams, are for the lens surface in terms of a, it 
follows that they are independent of the choice of 8. Thus, when Fom 
and Gems; are expressed in terms Of Aom, Bomi1, Com and Dom+1, the coeffi- 
cients of Asm and Bom; will be combinations of the Con and Dems: which 
will be the same for all parameters 8. Hence these give parametric 
invariants of the curve which describes the lens surface and hence of all 
curves with the assumed type of symmetry. The details of this will 
appear more clearly in the special cases treated in Part IV. 


Part III. TRANSFORMATION OF THE WAVE SURFACE. 


Having expressed the codrdinates of the lens surface in terms of the 
parameter of the incident wave, we may now proceed at once to the study 
of how the wave is transformed in its passage through the system. We 
shall assume that the incident wave 
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x! = 2) Az ,a* y = DL Borat! (1') 


i=0 t=0 


is propagated to the lens surface 


& = Do Frat n= 2 Grina®, (20) 


i=0 


is there refracted in the usual way and is finally propagated into the wave 


eo @ 
x! = 2, Axa y= 2 Brera, (1”) 
We shall thus want to determine Az; and B3,,; in terms of A3;, Boi+1, 
F2:, Geiz1 and Ao”, the latter quantity specifying which wave of the 
refracted family we are considering. The same value of a specifies 
corresponding points (x’, y’), (€, ») and (x’’, y’’). 

The law of refraction is equivalent to the optical invariance of yu sin p 
where u is the index of refraction of the medium and p is the angle between 
the normals to the lens surface and the wave surface, respectively. If 
we use primes to refer to the first medium and double primes to refer to 
the second medium, this may be stated in the form y’ sin p’ = yp” sin p”’. 
From the figure, we have 


sin p = sin (@ — y¥) = sin @cos » — cos @sin y. (24) 


By means of equations (3) and (24) and setting 





uy sin P= D> Loigia2*+! (25) 
i=0 
we find that 
% 7} 
x M } e Moi410?**1 
D Leia! = ~—" —_ where 
— Do Hojo? Do Sexo" 
j=0 k=0 
= : _dtdy dxdn 
, S644 «bh ee ane ae em ae 
> Maisi0 dada dada ' (26) 





Eat = (5) +(Z) 
= dé \? dn \? 
2s Jona? -\(#) +(3) 


By means of equations (1), (20) and (26), after a few simple reductions, 
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we find 
Ho = By, Jo = Gi, M, = 2(F.B; — A2G), ) 


2 
lL, = Ba, (FB, — A2G;) 


while for m > 0, we get 


m—l 


,» (24 + 2)(2m — 21)A om—2iA 242 


Hm = 2B, | i=0 


+ > (24 + 1)(2m — 27 + 1) Boiy:Bom—2i41 


m—1 
a »» HeiHom—2i 








I r (27) 
Fen = 2G, > (24 a 2)(2m _ 21) Fom—2iF 2:42 
- ) (24 + 1)(2m — 21 + 1)Gaini1Gom—2i41 
m—1 
os 2 J iT om—2i 
Mom+1 = > (24 + 2)(2m — 2% + 1)(Foi+2Bom—2i41 
— Aoi+2Gom—2i41) 
I m—t1 m—i 
Lint = BG. wMoms1 — 24 Laisa 24 HesJm-v-a} 
If we define 
I m m—1 
Som+1 sini Gi Loins J om—2i = Lom+1 += > Lois: J om—2i; (28) 
we get 
I m—1 i 
Som+1 = BG. | Mamas baa > Loiss i ° (29) 
1G, j=l 


The quantities Fam, Gom41, Jom, Lom41 and Som4i1 are optical invariants 
and have the same value in the two sets of primed symbols, 7.e., in the 
two media. The invariants Gomy: and Sons: involve Bom; and Aom+2 
along with terms of lower order and F2m and Gomsi1, which are invariant. 
Hence the equations 

Gome1 = Gom41 and Some = Som+1; (30) | 
which are linear in Bom4; and Aom42 if m > 0, may be solved for Bom+1 
and A‘m+s2. In the case m = 0, the equations are not linear, but, as 
shown in Part IV., the solution may be effected without difficulty. The 
invariant Lom4; might be used instead of S241, but the latter is simpler. 
While Som41 involves Gomi, this may be eliminated by means of equation 


(23). 
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The solution for A‘m42 and Bims1 completes the problem of finding 
the new wave in terms of the old wave and the refracting surface. The 
solution of equations (30) becomes increasingly complex as m increases. 


Part IV. TERMS OF THE First Four ORDERS. 


To illustrate the use of the preceding formulas, we shall calculate the 
results for the cases m = 0 and m =1. The case m = 0 is the ele- 
mentary Gaussian theory, while the case m = 1 is essentially the theory 
of first order aberrations, so far as these aberrations have a direct inter- 
pretation in the case of a system of revolution. For the case of m = 0, 
we shall calculate the case of a general transmission, but for the case 
of m = 1, we shall calculate the cases of propagation and refraction 
separately, because of the complexity of the formulas. As a matter of 
notation, let 


Vv = Fo — Aj’, l”’ = Fo = ae". and J/=/-—["= Ay” — Ay’. (31) 


Case I. Gaussian Theory. m = 0.—By substitution in the various 
formulas (23), (27), (29) and (30) ,we get 


G,’ ‘a B,’ = 2l'(A2'/B;’) ‘ams G,” om B,” — 2] (A,”’/B,”) 


B,” — 21'"(A2’"/By") = By — 2l'(A2’/By’) 
(Ae”"/B,") = “( st ) Pe eet 2, a oc © 
Solving for B,”’ and (A,’’/B,’’), we get 
‘2Ae!(lu"” — Wy’), 2l" Fe(u"’ — w’) | 
By'p" Giy”’ 


sl pA,’ F2(y!’ re p’) ” 
Az — Kes + Gy” B, 





BB -_ By ee 
Ps (34) 








For refraction, l’ = l’’ = oso that 
By” = By’ =G, and = Ag” = [y’Ae! + Fou’ — w’)]/u"”. (347) 
For propagation, np’ = w”’ = 1 so that 
By” = By — 21(A2'/By’) — As!’ = As! — 21(A2!/By’)? (34p) 


Case II. First Order Aberrations. m = 1.—In this case, we have, 
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by equations (23), (27) and (29), 


G3 = B; oe [3(B, —_ G,)B; os 4(Ao —_ Fy)A4 + 2(Ae —s F2)A2]/B, 
Hz = 3B; + (2A;2*/B;) 








r (35) 
M; = 6(F2Bs; — A2G3) + 4( FB; — AG) 
= (uM;/B,G;) — (LiH2/B;) } 
For refraction, Ao’’ = Ao’ = Fo, B,’’ = By’ = G,, so that 
Gs = B;' + 2A./(A2’ — F2)/By’ = Bs’ + 2A2!"(Ae” — F2)/By" ) 
L, = 2u(F2 — A2)/B, 
M; = (Fz — A2)(6B,B; + 12A,*)/B,; + 4B,(F, — Aa) 
2A.” (36r) 
Ss = le - Al) +59 (Fe — :) | 
2A 12 
= [cr used A,’’) alee B, 2 (Fe — A’) | 
i oat F , 
1 
(377) 


p’ p’ 


A,” PL (A,’ ~ F,) 7% a, 7 (Ae! — F;)(A2” “| A,’”) 


A,” is known by equations (347). For propagation, we may select the 
initial wave as coinciding with the refracting surface, so that As,’ = Fo, 
and Bye: = Geiss. Then, by equations (349), 


B,’ ste B,” ~ G; a B,” _ 21A.'/By’, A,’ lei A,” on 21A,""/ ~. 
A,” |B," _ A.!/By’. 


Hence 
6A2'] ” 4h a , A,’ 4 
(: — Fog) Bs + BAe — B; +4(55) ’ 


Ad’ A." 
en ff > aaa =n 
L, = 2u (3 B” ) O, 


M;" = 6(A.’B;”’ — A."B;') + 4(A,/B,” = A,g’B,’), f 
J 





(369) 


Bl ‘RI "wR? ‘Rw wR. 
S; = B,'B,” {6(A2’B;” —A2"B;') +4(Aq’B," —A,"B,’)} =0, 


3A2'B;" a 2B,'A,"' o 3A B;’ ~! 2A,'B,". 








mo ee Ma en I 
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Solving the first and last of equations (36), we get 
. 6A.’B;’ 4A , A ’\3 
Br = Bi +h B,” - r+ al ; ) |. 
T (A2’\4 B;'\ { A2’ \? Ai’\( Ad’ 
oF sn , Sanetins aaae a om —_ —— 
ee (5) a 1a( 5)( 5) a( a3) | 


The calculations for Fo, Fz and F, are made without special difficulty 
and the results are as follows: 





(37) 














Fo = Colo = Co Fe = Cole® + Colo? = CrE;’, ! 
Fy = Col& + Cole? + Clot = 2C. Ei. Es + CEs, 

B a 
2. = oe g thtiAs Co) 

Di “on r (38) 
Pe 2A? 4B; = 2A2C2E? - D3;E}® . 4A4(Ao — Co) 

° BD, * D, B,D, D, B,D, 
- 3B3E1 
B,*) 





For pure refraction, Co = Ao so that equations (38) become 





E _ 3B E _ 2A;? Bs 2A2C2B; DB; 
‘Dy "BD," Di DS Di’ 
CB; 
Fyo= 4 Fr=—pa 


- (387) 

















F, = (5h )aae +eame ~ 4Bi(53) 


a By (2 sie <) 
P D; J 
As was noted above (see end of part III.), the coefficients of the wave 
surface symbols are combinations of the lens surface coefficients which 
are invariant under a transformation of the parameter 8 of the type 
assumed. Hence we have two parametric invariants P; = C2/D,;° and 
P, = (C,D; — 2C2D;)/Di5. That these are actually parametric invar- 
iants may be verified by direct calculation, assuming that B = ayy + a37’*. 
While it may appear that the assumption of pure refraction is a loss of 
generality, such is not the case. The values for F,; and F, using the 
general values in equations (38) are quite complicated and lead to the 
same values of P, and P, as given above. 








Part V. CONCLUDING REMARKS. 


While no exhaustive analysis of the preceding results has been made, 
several conclusions may be mentioned. 
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The invariant S2.,; may be considered as a generalization of the so- 
called ‘‘zero invariant.’’ Since the axial curvature of the wave is 
K = 2A,/B;? and of the lens is k = 2F,/G,, the invariant S; is 


2F, 2Ae 
s.=u(3- “a ) = HBG: ~ KBs). 


For pure refraction, G; = B,, so that we get the usual zero invariant 
Q = S/G; = u(k — K). (39) 


While the assumption that the entire system is one of revolution makes 
a full analysis of the image formation unsatisfactory, we may nevertheless 
calculate the longitudinal aberration. Let the normal to the wave at the 
point (x, y) cut the axis at the point (X,0). Then X will vary with a, 
unless the surface is spherical. If we set 


X = DY roma, (40) 


m=0 


om Will be the longitudinal aberration of order 2m. It may be shown 
without difficulty, by the preceding methods, that 


Ao. = , 3 “[: : (2% _ 1) Boj41Bom—2i41 + )» (4 + 1)A 2442A om—2i 


_ > (4+ 1)Asiadan-ss | (41) 
For m = 0, we have \y = Ap + B;?/2A2. Since the value of X reduces 
to AX» for a = 0, and since the wave surface cuts the axis at Ao, the 
quantity B,?/2A.2 represents the axial distance from the wave to the cusp 
of the caustic. If the initial wave is plane, this distance reduces to the 
ordinary focal length. The ordinary value of the longitudinal aberra- 
tion (the so-called spherical aberration) is 


hoe = Ae + 2B,B;/Az2 — Ag(Bi/A2)?. 


The results calculated by this method agree very satisfactorily with the 
results obtained by the usual methods. It may be mentioned that in 
this method the emphasis is placed on the wave and not on the aberra- 
tions. In order to study the aberrations and the effects of the trans- 
mission on them, we have merely to calculate the aberrations for the 
initial and for the final surfaces of the wave family and to subtract the 
one from the other. 

As an example of the agreement between the present method and the 
usual one, let us consider a particular telescopic system as follows. Let 
the front lens have a front curvature of 2.0538 and a rear curvature of 
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— 3.0538. Let the rear lens have a front curvature of — 3.0538 and a 
rear curvature of — 0.4394. Let the indices of refraction of the front 
and rear lenses be 1.51115 and 1.61624, respectively, with respect to air, 
the system being used in air. Let the lenses have axial thicknesses of 
0.0065 and 0.0050, respectively, the axial separation being 0.0005. Let 
the aperture be 1/30. Then the present method gives the following 
results, for a plane incident wave: 
































Bi Aa Bs As 

Approaching first surface....... 1. | 0. 0. 0. 
Leaving = ie fedaabat sci 1. 0.34735 0.47208 0.53027 
Approaching second “ ....... 0.99548 0.34578 0.46578 0.52570" 
Leaving 7 sbulds 0.99548 | 1.29596 —5.55684 | —3.53208 
Approaching third “ ....... 0.99418 | 1.29427 —5.56713 — 3.56175 
Leaving <3 wT ie uianechl 0.99418 | 0.22537 0.94578 0.16635 
Approaching fourth “ ....... 0.99191 | 0.22486 0.94914 0.16785 
Leaving “y gare errr 0.99191 0.49663 0.43533 0.30213 
The focal point is 0.99057 beyond the axial point of the last surface. The 


usual theory gives this value as 0.99059. The longitudinal aberration 
here is 1.03034 per unit aperture or 0.0011448, the usual theory giving 
0.0011 446. 
_ While some of the formulas have been given for a refraction between 
two propagations, it is usually more convenient to treat the cases of 
refraction and of propagation separately, especially in numerical calcula- 
tions. The formulas so divided are readily adapted to the use of a 
calculating machine, although not to the use of logarithms. 

As a particular case,! let us consider the case of a plane wave refracted 
through a single spherical surface of curvature k, and let us write y» for 








u’/u’’. Let us take the optical height as parametric. Then 
‘ [Agp=Cyo= a, 
x= 4a, 
, A, = A, = Bs = D3; = 0, 
= @, 
; + Het + aeet,[ TT 
=¢@ . 
” si Ce _ $k, 
n = a, J 
L Cy = 3h§, 
C2 I ) d _ 
D? = 5F, Fo _ Co, 
4, F. = tk, 
Po. cre, | ae 
DA~ De =3* | LF, = 4h’. 


1 See, ¢.g., Preston, Theory of Light, § 73. 
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The refracted wave has 

B, = 1, 

Az = ZR(I — yn), 

Bz = pk*u(1 — uw), 

Ag = ght — w)(1 + 2u — 2y?), 
The second order longitudinal aberration is 


2 

Ae = = wr. ’ 
(u — 1) 

This shows that if the optically denser medium is on the concave side 
of the refracting surface, the surface is over-corrected for aberration, 
for \2 is positive which means that the cusp of the caustic is towards 
the lens surface. The focal length of the surface is B,?/2A2 = 1/k(1 — yu). 

While no attempt has been made to apply the foregoing results to the 
problems of practical optics, it is to be hoped that these problems may 
be materially simplified by the proper choice of parameters to meet the 
demands of each particular case. Since the geometrical significance of 
the parameter is of no essential value, there is more freedom in the choice 
of parameters than is customary in most treatments of geometrical optics. 
To review what has been said, the use of a single parameter, besides the 
azimuth, clarifies the interpretation of orders of small quantities. The 
recursion formulas, furnish terms of all orders, to be used when occasion 
demands. Since the sphericity of the lens surfaces has no essential 
part in the method, it follows that the method is directly applicable to 
the cases of aspherical lenses. Besides furnishing the final surface as a 
whole, the present method gives a point by point correspondence between 
all the surfaces of the system. While many of the quantities involved 
become indeterminate at a focal point, this furnishes no special difficulty 
in tracing a surface through a focal point. 

In closing, the writer wishes to thank Professor Arthur C. Lunn, who 
suggested the present investigation and who made numerous helpful 
suggestions during its development. 
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AN EXTENSION OF THE RANGE OF THE McLEOD GAUGE. 


By A. H. PFunp. 


SyYNopPsIs.! 

Modification of the McLeod Gauge.—lIn order to extend the range of a McLeod 
gauge, the pressure of the gas which is forced into the capillary is measured by 
means of a hot-wire gauge. Since the ratio of the compression is known, it is possible 
to determine the true pressure. The hot-wire gauge consists of a loop of tungsten 
wire, sealed into the closed end of the capillary and connected so as to form part 
of a Wheatstone bridge. The hot wire gauge is calibrated directly against the 
McLeod gauge. Because of the fact that the cooling effect varies with the character 
of the gas, a separate calibration for each gas is necessary. 

Tests Made on the Gauge with Air.—Careful tests prove that the results obtained 
for air, the only gas used, are reliable. The limit of the hot-wire McLeod gauge was 
found to be 1.7 X 107? mm. hg. or 2.25 X 10~ bar, while that of the unaided 
McLeod gauge was found to be 5.26 X 10°§ mm. Hg. The range of the McLeod 
gauge is therefore extended three hundred fold. By using a sensitive wall gal- 
vanometer in place of the portable galvanometer, a sensibility of 3.4 X 107! mm. or 
4.5 X 107 bar was realized. 

' ‘HE sensibility limit of a McLeod gauge has been reached when the 

length of the trapped air column and the difference in level of the 
two mercury columns are of the order of magnitude of 1 mm. Under 
these conditions, however, the trapped air is subjected to the pressure of 
I mm. of merucry—which is large from the standpoint of high vacua. 
If it were possible to measure the pressure of this trapped air, then, 
knowing the ratio of compression, it would be possible to extend greatly 
the range of the McLeod gauge. 

This idea is realized by sealing a fine loop of tungsten wire into the top 
of the closed capillary. Using this arrangement (which is the well- 
known ‘‘hot-wire”’ gauge) in conjunction with a Wheatstone Bridge and 
a portable galvanometer, it is possible to extend the range of the McLeod 
gauge about 300-fold. 


DESCRIPTION OF APPARATUS. 


The apparatus used is shown in Fig. 1. This particular form of the 
gauge was adopted because of the convenience of baking out the glass. 
This is accomplished by inverting a small electric furnace over the top 
of the gauge. The filament (f) was made of 2 mil tungsten wire and 
had an over-all length of 6 mm. The resistances 7, r2, 73, forming part of 
a simple Wheatstone bridge, were made of No. 22 chromel wire. While 


1 Presented at Washington meeting of Am. Phys. Soc. (1920). 
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no definite information can be given as to the highest temperature 
reached by the tungsten filament in a high vacuum, it may be stated 
that when the current flowing through the filament was increased to 130 
m.a. the tip of the filament appeared faintly red inadarkened room. The 
filament current actually used was about 100 m.a. For several reasons 


























Pump 





-~ 


Fig. 1. 


the bore of the capillary was chosen large: 2.0 mm. Not only is the 
range of the gauge on the high-pressure side increased but such defects 
as mercury sticking to the walls, negative pressures, etc,. are reduced to 
a minimum. Careful tests showed that no measurable amount of gas 
was caught between the rising column of mercury and the glass walls of 
the closed capillary. No difficulty was experienced in sealing in the 
filament without distorting the adjacent portions of the capillary. In 
fact, filaments were sealed successfully into capillaries having a bore less 
than i mm. The large bulb (B) had a volume of about 60 c.c. and the 
ratio of the volume of a length of 1 mm. of capillary to that of the bulb 
was 5.26 X 10°. A Gaede mercury pump was used to produce a 
moderately high vacuum while a liquid-air trap containing cocoanut 
charcoal, introduced between pump and gauge, was used to attain the 
highest vacua. 


CALIBRATION OF HOT-WIRE GAUGE. 


Unfortunately, the indications of the hot-wire gauge are dependent 
upon the character of the gas used. This shortcoming is, however, not a 
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vital defect, since this gauge may be calibrated against the McLeod gauge 
itself. The mode of procedure consisted in surrounding the charcoal 
bulb with liquid air so as to remove all vapors, hydrocarbon, water, etc., 
from the air which had been admitted into the pump. After measuring 
the pressure by means of the McLeod gauge, the resultant steady 
galvanometer deflection was noted (bulb and capillary empty). By 
carrying out a number of such pairs of observations at different pressures, 
a calibration curve of the type shown in Fig. 2 was obtained. 


ow 

ih) 
10 
oF 
.o8 


°7 


in ™m™M. HG 


PRESSURE 





° Ss L) is zo 2s 3o 35 “a 
GALVANOMETER DEFLECTIONS 


Fig. 2. 


It is apparent that the points plotted lie, very approximately, on a 
straight line. Since mercury vapor is always present, it is evident that 
only partial pressures, to the exclusion of that of mercury vapor, are 
being measured. 


RELIABILITY AND ACCURACY. 


Upon reducing the pressure below the point at which any difference 
of level in the two mercury columns L and M (Fig. 1) is discernible, the 
hot-wire gauge still shows large deflection. As previously stated, this is 
due to the fact that the original, large volume of gas, after having been 
forced into the capillary, now exists at a relatively high pressure and 
hence.cools the hot tungsten filament. Since the hot-wire gauge is used 
when the gas is compressed into a limited volume, while it is calibrated 
when capillary and bulb are empty, it is entirely possible that the original 
calibration does not apply under the conditions attendant upon the 
actual use of the gauge. To test this point, a certain volume of air was 
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compressed so that it filled the entire capillary; then, by successive steps, 
the volume was decreased until the mercury stood 2 mm. below the tip 
of the tungsten filament. Galvanometer readings, corresponding to 
these successive volumes were recorded. A characteristic series of 
results is presented in Table I. 








. TABLE I. 
h Galvanometer Reading. | P’mm. | Pomm. 

Wh sb beeen wienwees -  —_—- “d “wd ime 
coer, oa oo 7.0 0.0084 2.66 X 10-5 
ee 10.0 0.0175 2.76 
Rae Par. 15.0 0.035 2.76 

ie A hid aitw ode Sie wins 19.9 0.051 2.68 

Ri nknaidanns cst 23.7 | 0.064 | 2.70 


h = length of air-column in closed capillary. 
P’ = pressure of gas in closed capillary. 
Po = pressure in system outside of gauge. 


Referring back to the original calibration curve (Fig. 2) the pressures P’ - 
in the capillary were evaluated. Since the ratio of a compression is 
known in each case, it is possible to calculate Po, the true pressure of the 
gas in the vacuum system outside the gauge. If the complications, 
previously referred to, exist, then Py) might be expected to vary pro- 
nouncedly. Asa matter of fact Py remains nearly constant even though 
the top of the mercury in the closed capillary is at widely different dis- 
tances from the filament. , 

While the constancy of Py points to the conclusion that the gauge- 
readings are correct, it does not establish the proof. Most fortunately, 
the McLeod and hot-wire gauges overlapped in a small range of pressures, 
so that a decisive test was possible. The results are presented in Table II 














TABLE II. 
McLeod Gauge. 
——— ——_—- ——_—__—_—_ Hot-wire Gauge. 
h | A Po 
RS  ?<—. 1. mm. 2.3 X 10 mm. 2.0 X 10-* mm. 
De 60 08 3.35 x 10-4 4.0 X 10 mm. 











h = length of trapped air-column in mms. 
A = difference in level of the two mercury columns in mm. 
Po = true pressure in mm. 


The agreement is well within experimental error which is rather large 
in the case of the McLeod gauge because of the fact that differences in 
level (A) amounting to a millimeter or less must be read. 
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An attractive feature of the mode of procedure here presented is the 
ease with which the hot-wire gauge may be calibrated. It is only 
necessary to obtain galvanometer deflections (bulb and capillary empty) 
at two known pressures, preferably as far apart as possible. As a final 
test, the two pressures were respectively near the upper and lower limits 
of the McLeod gauge. Upon laying off these two points on coordinate 
paper, as in Fig. 2, and connecting them by a straight line, a calibration 
curve was obtained which, when tested for constancy of Po, showed an 
average deviation from the mean of only 2.2 per cent. 

The range of pressures which may be measured with this arrangement 
and the magintude of the lowest pressures detectable are rather remark- 
able. Since the scale divisions on the portable galvanometer were about 
3 mm. long, it was easy to read deflections to one-tenth division. Read- 
ings were reliable only to .2 divisions so, calculating the galvanometer 
sensibility on this basis it turned out to be 2.4 X 10-* amperes. With 
this combination of gauges as used, it is possible to cover the entire range 
of pressures extending from 0.275 mm. to 1.7 X 1077 mm_ Hg (or 2.25 
xX 10 bars). It is, of course, obvious that the limit of sensibility is 
determined only by that of the galvanometer. Since the limit of the 
unaided McLeod gauge is 5.26 X 10° mm. it appears that, through the 
addition of the hot-wire gauge, pressures as low as 1/300th of the above 
may be measured. 

At a time when the true pressure Py was 8.4 X 1077 mm. and the 
portable galvanometer yielded a deflection of 1 division, a wall gal- 
vanometer of sensibility 5 X 1o-* amp. was substituted. As might 
have been foreseen, a deflection too large to read was obtained. While 
the calculated sensibility was 3.4 X 1o- mm. or 4.5 X 107” bars it is 
not feasible to use so sensitive a galvanometer unless the Wheatstone 
bridge, hot-wire gauge, etc., are surrounded by constant temperature 
oil-baths, as is customary in bolometer practice. 


Jouns HOPKINS UNIVERSITY, 
February, 1921. 
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Conrse de Cinematique Theorique. By H. Lacaze. Paris: Gagthier-Villars et 
Cie, 1929. Pp. 1 + 138. 
The five chapters of this brief treatise deal respectively with: 
Vectors; Kintmatics of a point; Movement of a Solid; The Composition of 
Accelerations; The Displacement of a Vector in a Plane. 


More than half of the volume is given to appendices in which the subject 
matter is developed in somewhat greater detail. 


Physical Laboratory Manual. By E. L. CHAFFEE AND F. A. SAUNDERS. 

Cambridge: Harvard University Press, 1920. Pp. vi + 138. 

A set of about fifty well-chosen elementary experiments forming the labora- 
tory portion of an undergraduate course in general physics. The treatment 
is chiefly quantitative and the distribution of material among the various parts 
of physics a reasonable one. 


Théses Présentees A La Faculté des Sciences de L’ Université de Paris. By M. 
PAUTHENIER. Patis: Masson et Cie, 1920. Pp. 1 + 68. 


M. Pauthenier’s thesis deals with a new method of producing instantaneous 
charges, with applications to the Kerr Effect. 


The New Physics. By ALBERT C. CREHORE. San Francisco: Journal of 
Electricity, 1920. Pp. 1 + 111. 


This little volume contains a non-mathematical statement of the author’s 
electromagnetic theory of gravitation; a theory which connects the gravita- 
tional force directly with the motion of the electrons of matter and which is 
to be regarded as supplementary to the Einstein theory. 


Laboratory Projects in Physics. By FREDERICK F. Goop. New York: The 

Macmillan Company, 1920. Pp. xiii + 267. 

A school book in which ‘‘in accordance with recent tendencies in the teach- 
ing of science’’ numerous familiar household appliances and mechanisms are 
utilized in the illustration of the principles of physics. The applications are 
more than commonly sound and successful. 


Report of the Chief Signal Officer United States Army to the Secretary of War. 
Washington: Government Printing Office, 1920. Pp. 1 + 64. 


This report deals chiefly with the activities of the U.-S. Signal Corps at 
home and abroad since the signing of the armistice. 


Lessons in Mechanics. By Wm. S. FRANKLIN AND BARRY MacNutt. Bethle- 
hem, Pa.: Franklin and Charles, 1919. Pp. xi + 221. Price, $2.00. 
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Eminent Chemists of our Time. 


By BENJAMIN HARROW. New York: D. Van 
Nostrand Company, 1920. Pp. xvl + 248. Price, $2.50 net. 

A volume of very readable sketches of Perkin, Mendeléeff, Ramsay, Richards, 
Van’ T Hoff, Arrhenius, Moisson, M. Curie, V. Meyer, Remsen and E. Fischer. 
Lessons in Heat. By WM. S. FRANKLIN AND BarRRY MacNvutt. 


Bethlehem, 
Pa.: Franklin and Charles, 1920. Pp. xi + 147. 


Price, $2.00. 
Lessons in Electricity and Magnetism. By Wm. S. FRANKLIN AND BARRY 
MacNvtt. 


Bethlehem, Pa.: Franklin and Charles, 1919. Pp. xvi + 254. 
Price, $2.25. 


These three companion volumes are planned for use in elementary under- 
graduate courses in Physics. 


They are concise and concrete and conform 
throughout to the method of treatment characteristic of the authors. 





